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Abstract 

I review aspects of string theory on plane wave backgrounds emphasising the connection to 
gauge theory given by the BMN correspondence. Topics covered include the Penrose limit 
and its role in deriving the BMN duality from AdS/CFT, light-cone string field theory in 
the maximally supersymmetric plane wave and extensions of the correspondence to less 
supersymmetric backgrounds. 
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1 Introduction 



1 . 1 Motivation 

The intimate connection between string and gauge theories has been one of the dominant themes 
in theoretical high energy physics over the last years. A famous example is the equivalence 
(duality) of string theory on Anti-de Sitter (AdS) spaces with conformal field theories, the 
AdS/CFT correspondence [1, 2, 3], see e.g. [4] for a review. 

Several arguments support the expectation of a duality between string and gauge theories 
or, even more generally, gravitational and non-gravitational theories. For example, a qualitative 
one comes from the fact that QCD, the SU{3) gauge theory of strong interactions, confines 
chromoelectric flux to flux tubes - the QCD string - at low energies. After all, string theory 
was originally discovered in attempts to describe the spectrum of hadronic resonances. A 
quantitative argument is 't Hooft's analysis of the large N limit of SU{N) gauge theories [5]: 
for large N and flxed 't Hooft coupling A = Qym^^ Feynman diagram expansion can be 
rearranged according to the genus g of the Riemann surface which the diagram can be drawn 
on and every amplitude can be written in an expansion of the form Xl^o ^^"^^/sl^)) i-^- 1/^^ 
is the effective genus counting parameter. This is like the perturbation scries of a string theory, 
where the string coupling is identified with and A corresponds to the loop-counting 
parameter of the string non-linear cr-model. This a very general argument for the large N 
duality between gauge theories and certain string theories, but it does not give an answer to 
what kind of string theory one should look for. 

Further hints come from the study of black holes. The simplest example is the Schwarzschild 
sohition of general relativity depending on a single parameter, the mass M of the black hole. 
They have a horizon and are black classically, everything crossing the horizon is inevitably pulled 
into the black hole singularity. However, semi-classical analysis shows that due to quantum 
processes black holes start to emit Hawking radiation: the emission spectrum is roughly that 
of a blackbody with temperature T ~ 1/M; the deviation of the pure blackbody spectrum 
is encoded in the so called 'greybody factor'. As radiating systems black holes are expected 
to obey the laws of thermodynamics. If one defines the black hole entropy, as first proposed 
by Bekenstein and Hawking hy S — \A M^, A the area of the black hole horizon, these 
laws are in fact satisfied. A quantum theory of gravity should e.g. provide the framework 
for a microscopic derivation of the black hole entropy via a counting of states and predict its 
greybody factor. As the Bekenstcin-Hawking entropy involves the area instead of the volume, 
as is the case for statistical mechanics and local quantum field theories, one may wonder if 
one can find a holographic description in terms of local quantum field theories 'living' on the 
horizon, such that ^qft ^ A. More generally, the holographic principle [6, 7] asserts that 
the number of degrees of freedom of quantum gravity on some manifold scales as the area of 
its boundary: this suggests that a field theory on the boundary of space-time might capture 
the physics of gravity in the bulk. For reviews of the holographic principle see [8, 9]; for an 



3 



introduction on black holes in string theory see e.g. [10]. 

The AdS/CFT correspondence explicitly realizes the general principles of large N duality 
and holography. The simplest and best understood example is the equivalence of string theory 
on AdS^ X and the maximally supersymmetric gauge theory in four dimensions, A/" = 4 
SU{N) super Yang-Mills (SYM). The latter arises as the low-energy (i.e. energies much smaller 
than the string scale 1/^/a') effective theory on the world- volume of N D3-branes. As these 
are charged under the R-R four- form potential [11], their presence generates a five-form fiux 
in the (flat) transverse six-dimensional space. This flux contributes to the energy-momentum 
tensor, so the geometry backreacts and curves. The backreaction is neghgible if the effective 
gravitational coupling is small, which is the case if QgN ~ 9ym^ ^1. In this regime the 
gauge theory is weakly coupled. In the regime of strong coupling, the large N limit, the 
backreaction is no longer small and the geometry will change significantly. To be more precise, 
for 1 ^ QgN < N we can use the dual description of D3-branes in terms of extremal three- 
branes in type IIB supergravity [11]: in this picture, considering low-energy excitations on 
the D3-brane, translates to going to the near-horizon region of the three-brane since energies 
are red-shifted for an asymptotic observer [1]. The near- horizon region has the geometry of 
AdS^ X with radii R^/a'^ — 9ym^ five-form flux on the equals N, the number of 

colors in the gauge theory. Strongly coupled — A SYM is identifled with supergravity (since 
the curvature a'/R'^ <^ 1) on AdS^ x S^. It is believed that this duality is true for all values 
of parameters and extends to the full string theory; this however is difficult to verify with the 
present technology, though there are some exceptions, see [4]. For reviews of attempts to use 
AdS/CFT as a starting point to obtain a string description of QCD or at least of pure J\f = 1 
SYM, see e.g. [12, 13]. 

It was realized by Berenstein, Maldacena and Nastase (BMN) [14] that plane (or pp) wave 
backgrounds provide an interesting example where the string/gauge correspondence can be 
studied beyond the supergravity approximation. As will be explained in detail in what follows, 
on the geometric side this involves the Penrose hmit [15] applied for example to AdS^ x S^; 
roughly speaking, one focuses on the neighborhood of the geodesic of a massless particle, in the 
center of AdS^ and rotating on the S^. String theory in the resulting plane wave background 
can be exactly quantized in light-cone gauge [16]. On the other hand, in the gauge theory this 
limit singles out composite operators carrying a large charge [14]. Though I will not discuss 
this here, let me mention that one can also consider macroscopic rotating strings vs. large spin 
operators [17]. 

1.2 Outline 

This work is organized as follows: section 2 starts with a fairly general introduction to pp- 
wave backgrounds in ten/eleven-dimensional supergravities. I discuss various basic aspects of 
these backgrounds, in particular their (super)symmetries, emphasizing the emergence of special 
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maximally supersymmetric solutions that will play a major role in the rest of this work. Then 

1 introduce the notion and properties of the Penrose limit of a space-time and show that this 
connects maximally supersymmetric pp-waves to the AdS x S spaces. Having introduced the 
necessary background material, the correspondence between IIB string theory on the maximally 
supersymmetric plane wave and a double scaling limit of A/" = 4 SU (N) super Yang-Mills will be 
derived from the AdS/CFT correspondence. Several features of this novel BMN correspondence, 
for example symmetries, the comparison of states and spectra, and holography, will be discussed 
in detail both from the (free) string theory and the gauge theory point of view. 

Section 3 presents extensions of the BMN duahty. First an overview over various possible 
approaches is given to provide a feeling for the general picture that emerges. The ingredients 
are then used to describe in detail the specific example of the diiality between strings on 
supersymmetric orbifolds of the plane wave background and M = 2 quiver gauge theories. In 
addition to these generalizations, further issues to be discussed include D-branes on the plane 
wave and more complicated pp-wave backgrounds leading to interacting world-sheet theories. 

We return to string theory on the plane wave background in section 4, where string inter- 
actions are introduced. These correspond to non-planar corrections in the (interacting) dual 
gauge theory. I explain why it is natural to describe string interactions in the setup of light-cone 
string field theory and discuss its principles, in particular additional complications arising in the 
superstring as compared to its bosonic version. To make the presentation self-contained a re- 
view of the free string is included. In the following, the full construction of the cubic interaction 
vertex as well as the dynamical supercharges is presented; the focus is mostly on the general 
methods and technical details are relegated to two appendices. The results thus obtained are 
applied to compute the mass shift of certain string states induced by interactions. In an ap- 
proximation to be specified, the leading non-planar corrections to the anomalous dimension of 
the dual gauge theory operators are exactly recovered within string theory. 

Finally, I conclude in section 5 and discuss some open problems. 

2 Strings on the plane wave from gauge theory 
2.1 pp-waves in supergravity 

It is known that maximally supersymmetric backgrounds of 11-dimensional supergravity include 
flat Minkowski space, AdS^ x 5*^ and AdS-j x [18]. In addition to these three spaces there 
is another maximally supersymmetric solution discovered by Kowalski-Glikman [19]. This 
solution - which will be referred to as the KG space - arises as a special case of the more 
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general pp-wave^ solutions [20] of the form 

ds'^ = 2dx^dx~ + H(x^ , x~^)(dx^Y + dx' dx^ , 

V ' n y ^2.1) 

F4 = dx^ A (p{x , x~^) , 

where / labels the transverse nine-dimensional space, F4 is the four- form field strength of lid 
supergravity and H obeys 

AH = -if" , if" = ^^^iW"" . (2.2) 

A is the Laplacian in the transverse space and (p is closed and co-closed in E^. d/dx~ is 
a covariantly constant null vector. For constant </? this solution preserves at least 16 super- 
charges [20, 21]. An important subclass of solutions are the homogeneous plane wave space- 
times, where the field strength is constant and H is independent of x^ and quadratic in the 



x' 



H{x^) = Aijx^x-^ , (2.3) 



with A a constant, symmetric matrix. In this case the metric describes a Lorentzian symmetric 
space G/K with = and G a (solvable) Lie group depending on A [22, 21]. Solutions 
of this kind are space-times with a null (F4 = 0) homogeneous flux and were referred to as 
Hpp- waves in [21]. Up to the overall scale and permutations these solutions are parameterized 
by the eigenvalues of A. Modulo diffeomorphisms, there is precisely one choice for A for which 
the solution is maximally supersymmetric. This is the KG solution 

Aij^r"^'^''' ^"^=l'2'3 ^^dx'Adx'Adx'. (2.4) 

(-i^6ij, /,J=4,...,9 

Let me briefly sketch the derivation of some of the statements that I made above. It is pos- 
sible to verify that the pp-wave geometry in equation (2.1) is a solution of the supergravity 
equations of motion provided the conditions on cp and H are satisfled. To analyze the number 
of preserved supersymmetries one has to consider the Killing spinor equation. A solution to 
the supergravity equations of motion is supersymmetric if it is left invariant under some non- 
trivial supersymmetry transformation. If the fermions have been put to zero in the solution 
non-trivial conditions following from the requirement of unbroken supersymmetry only arise in 
the transformation of the fermions themselves. The gravitino transformation law gives rise to 
the Killing spinor equation 

Se^l^M = T>Me = , (2.5) 

where the supercovariant derivative is 

VmS = Vm£ - 2^ (r^^^^M + 8r^^^5i) FpQRse . (2.6) 



^pp-wave geometries are space-times admitting a covariantly constant null vector field. 
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Iterating the first order Killing equation implies the second order supergravity equations of 
motion. In other supergravities containing additional bosonic and fermionic fields the number 
of unbroken supersymmetries may be further constrained by algebraic equations arising from 
the variations of other fermions, such as for example the dilatino in type IIB supergravity. 
Computing the supercovariant derivative in the background equation (2.1) and solving the 
Killing equation leads to [20] 

d+e = ^ipijKr''''e, r_£ = 0, (2.7) 

where e = e{x^) is only a function of and (p is assumed to be constant. This is a first order 
ordinary difi^erential equation, which has a unique solution for each initial value. Hence, for 
constant field strength, the background in equation (2.1) generically preserves 16 supersymme- 
tries. If one chooses the three-form (p and the matrix A to be of the form given in equation (2.4) 
spinors satisfying T^e — solve the Killing equation as well [23, 21] and hence the KG solution 
is maximally supersymmetric. The fact that the Hpp-wave geometry is a Lorentzian symmetric 
space can be seen as follows [21]: consider the 20-dimensional Lie algebra 

[e+, ej] = e*j , [e+, e*j] = AjjCj , [e], ej] = Aije_ , (2.8) 

which is isomorphic to l)(9) xi R, 1^(9) the Heisenberg algebra generated by {e7,e|,e_}, e_ 
being the central element, and e+ an outer automorphism which rotates coordinates {e/} and 
momenta {e|}. The Hpp-wave space-time can then be constructed as the coset G/K, where G 
is the Lie group with the algebra in (2.8) and K is generated by {e}} [21]. To verify this one 
proceeds in the standard way by choosing a representative of the coset and solving the Cartan- 
Maurcr equations. Notice that the inclusion of the form fiux respects these symmetries as 
is parallel. For a generic Hpp-wave background these are all the isometrics, in special cases 
however, the number of isometrics is enlarged due to symmetries of A and F4. For example, 
for the KG solution the isometry is enhanced to a semi-direct product 

()(9) X (50(3) ©so(6) ©M) , (2.9) 

due to the degeneracy of the eigenvalues of A. Notice that the dimension of the isometry algebra 
of the KG solution is 38, which equals the dimension of the isometry algebras of the two other 
non-trivial maximally supersymmetric solutions AdS4 x S'^ and AdS^ x S'^ (so(3, 2) ©so(8) and 
so(6,2) ©so(5), respectively). One suspects that this is not merely a coincidence. Recall that 
fiat space and AdS4 x S'^ [AdSy x S"^) play the role of asymptotic and near-horizon limits of the 
M2-brane (M5-brane) and as such arc related to each other. Is there a connection to the KG 
solution as well? I will say more about this in the next section. The full superalgebra can be 
obtained by utilizing the fact that for Si, S2 Killing spinors, eiT^e2 is a Killing vector and by 
analyzing the transformations of Killing spinors induced by the action of the Killing vectors. 
This has been done in [21] to which I refer for details. 
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The story is similar for type IIB supergravity [24]. The analogue of equation (2.1) is 

^ ^ ' ^ ' (2.10) 

F5 = dx~^ A (p{x ,x~^) , 

with the dilaton being constant and all other supergravity fields set to zero. The equations of 
motion for F5 require that the four-form cp is self-dual and closed in and hence also co-closed. 
Again, H has to satisfy the Poisson equation in transverse space 

AH = -\^\ (2.11) 

For </? constant, this solution preserves as least 16 supersymmetries [24]. In analogy with the 
lid case, the subclass of solutions in which H is of the form (2.3), describe Lorentzian symmet- 
ric space-times with homogeneous five-form flux. There is again one exceptional, maximally 
supersymmetric solution [24] 

Aij = -i/5ij, ip = 4:iJ,{dx^ Adx"^ Adx^ Adx^ + dx^ Adx^ Adx'^ Adx^) . (2.12) 

Here is a parameter with dimension of mass, which by a rescaling of x+ and x~ can be set 
to any non-zero value. It has become common in the literature to refer to this solution as the 
plane wave background. The isometry algebra of the plane wave solution is 

f)(8) X (so(4)©so(4)©M). (2.13) 

Notice that the metric by itself has an so (8) symmetry, which however, is broken by the R-R 
field strength to 5o(4) ©so(4). The isometry group also contains a discrete Z2 exchanging the 
two transverse W^^s. The dimension of the isometry algebra is 30 - again the same as of the 
so(4,2) ©so(6) of AdS^ x S^. Let me be more explicit about the Killing vectors of the plane 
wave solution generating the algebra [)(8) xi R. A convenient parametrization is [24] ^ 

P- = -id+ , P+ = -id- , 

— —i cos{ijLX~^)dj — iijLsm{iJ,x~^)xid- , (2-14) 
J"^^ = —iji"^ sm{ijLx'^)di + i cos(//x'^)x/9_ . 

They obey the algebra 

[P-, P'] = , [P\ J+^] = iSjjP^ , [P-, J+^] = -iP' , (2.15) 

and transform in the obvious way under the transverse 5o(4) ©so(4). The generators {P^ , J~^^ , 
P'^,P~} are hermitian and related to {e/, e}, e_, e+} by trivial rescaling. It is convenient to 

^Strictly speaking one should write P+ instead of P~ since indices are raised and lowered with the plane 
wave metric and g++ is non-zero. So P~ = P+ by definition. 
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work with the former to make the flat space hmit // — > manifest. I wiU present some of the 
remaining (anti)commutation relations of the plane wave superalgebra in section 4 when I need 
them, see [24] for the full algebra. 

One might wonder if there are any further maximally supersymmetric solutions of ten/eleven- 
dimensional supcrgravities, however, as was proved in [25] by careful analysis of the constraints 
arising from the supersymmetry variations, this is not the case. It is instructive to discuss the 
issue of supersymmetry in Hpp-wave backgrounds in more detail, in particular the dependence 
of the Killing spinors on the coordinate x'^. For (p constant and hence H independent of x'^, 
the KiUing spinors of the background (2.10) are independent of x~ and can be expressed as [24] 

£ = (^1 + '-x'r^Fi, w]^x, w = ^cpjjKLr'''''^ , (2.16) 

where x has only x~^ dependence determined by 

{d+ + iW)x^O. (2.17) 

Additionally one has the requirement that 

{x^W^ + 32d^H)rir^x = . (2.18) 

This equation determines the number of Killing spinors. As x = T_Xo is a solution for 
any H satisfying equation (2.11), the generic Hpp-wave background has 16 standard Killing 
spinors [26]. By equation (2.16) these are also independent of the x^ . Generically the standard 
spinors depend on the coordinate x+ but they are independent of it if Wx — 0. This equation 
may or may not have solutions depending on the explicit form of the four-form (p. If H is 
quadratic in x^ the above equation may admit additional Killing spinors x that are annihilated 
by r_|_. These supernumerary spinors are always independent of x+ [26] but depend on the via 
equation (2.16). Performing a T-duality along x^, those Killing spinors which are independent 
of x~^ will survive at the level of the low-energy effective field theory and the resulting type llA 
solution will also be supersymmetric.^ So in the generic case (only standard Killing spinors, all 
depending on x+), performing a T-duality along x+ results in a non-supersymmetric solution 
of type IIA supergravity. In special cases like the plane wave background (16 supernumerary 
spinors), the IIA solution will be supersymmetric. Lifting this solution to 11 dimensions gives 
rise to a supersymmetric deformed M2-brane with additional four- form flux [26]. One can 
also revert this logic [27] and analyze the Killing spinors of the lid Hpp-waves. In this case 
the supernumerary Killing spinors generically also depend on x^. Dimcnsionally reducing the 
Hpp-wave on x^ or x^ (provided the latter is a Killing direction) one gets a DO-brane or IIA 
pp-wave, respectively and the number of preserved supersymmetries is again determined by the 
coordinate dependence of the Killing spinors in 11 dimensions. 

^In the full string theory including winding states, all supersymmetries must survive as T-duality is an exact 
symmetry. 
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2.2 The Penrose- Giiven limit 



We have seen in the previous subsection that ten/eleven-dimensional supergravities admit max- 
imally supersymmetric solutions of the pp-wave type, the plane-wave background and the KG 
solution, respectively. These are on equal footing with the other more standard maximally 
supersymmetric backgrounds, that is flat space and the AdS x S solutions. But whereas the 
latter are connected being the asymptotic and near-horizon regions respectively of fundamental 
branes, no such connection was known for the pp-waves. I have already mentioned that the di- 
mensions of the superalgebras of the KG and plane wave solutions agree with those of AdS x S, 
so one might expect that there exists a connection between the two. In fact it docs [28] and 
the connection is the Penrose- Giiven limit as defined originally by Penrose [15] and extended 
to supergravity by Giiven [29]. I review this limit below. 

Consider a Lorentzian space-time and a null geodesic 7 in it. According to [15, 29] for a 
sufficiently well-behaved geodesic one can introduce local coordinates U, V and such that 
the metric in the neighborhood of 7 takes the form 

ds'^ = dV {dU + adV + l3idY^) + CudY^dV^ , (2.19) 

where a, (3i and C/j are functions of the coordinates. The coordinate U is the afiine parameter 
of 7 and for 7 to be well-behaved C must be invertible, otherwise the coordinate system breaks 
down. Supergravities contain additional fields besides the metric, such as the dilaton $ and 
p-form potentials Ap. In particular the p-forms have a gauge symmetry and this gauge freedom 
can be used to eliminate some of the components of Ap. Indeed, one can choose locally 



Auvh-i,., = = Aui,...i^_, . (2.20) 

This is the starting point of the Penrose-Giiven limit: a null geodesic 7 which locally is described 
by the metric in equation (2.19) plus (possibly) additional background fields which are gauge 
fixed to have the local form in equation (2.20). The next step consists in introducing a real, 
positive constant VL and rescaling the coordinates as 

U^u, V^n'^v, Y^^Qy^. (2.21) 

This diffeomorphism results in a Q-dependent family of fields g{^), Ap{fl) and $(J1) and the 
coordinate choices in equations (2.19) and (2.20) ensure that the following Penrose limit [15], 
extended by Giiven [29] to fields other than the metric, is well-defined: 

g = lim n-'^g{n) , Ap = lim n-PAp{n) , $ = lim $(1^) . (2.22) 

Due to the rescaling of coordinates in (2.21) the limiting fields only depend on u and the 
background takes the form 

ds^ — dudv -\- Cij{u)dy^dy'^ , 

_ _ ^2.23^ 

Fp+i — du A Ap{u) . 
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Here Fp+i is the (p+l)-form field strength of Ap and ' denotes d/du. This background describes 
a pp-wave with null fiux in Rosen coordinates [28]. It is possible to change to Brinkmann 
coordinates, where the resulting metric takes the form 

ds'^ = 2dx+dx- + Aij{x+)x^x'^ (dx^) ^ + dx^dx^ , (2.24) 

considered in the previous subsection. For more details, see [28]. Before I explicitly show that 
this mechanism connects the KG and plane wave solutions with the AdS ones, it is instructive 
to discuss some important hereditary properties of the Penrose limit [30]. As we have seen, 
the Penrose limit basically consists of two steps, performing a diffeomorphism and gauge-fixing 
with a subsequent rescaling of the supergravity fields. It is a general property of supergravity 
actions that they transform homogeneously under the rescaling of fields in equation (2.22). 
Hence, if the original background is a solution to the supergravity equations of motion, so is 
the new fi-dependcnt one for any > and by continuity the limiting configuration (2.22) is 
a valid supergravity background [15, 29]. The Penrose limit inherits further properties of its 
parent solution, involving for example the curvature tensor; the Penrose limit of a conformally 
flat space-time is conformally flat, that of an Einstein space is Ricci-flat and another hereditary 
property is that of being locally symmetric, see for example [30]. One may also wonder about 
the fate of isometrics and supersymmetries; these are hereditary in the sense that the resulting 
background has at least as many isometrics and supersymmetries as the parent background [30] . 
Let me show that this is the case. Consider a Killing vector ^ of the metric g. Performing the 
rescaling of coordinates and flelds in equations (2.21) and (2.22), ^ — > ^{fl) and is a Killing 
vector for the transformed metric fl~'^g{fl) for non-zero fl. The question is if a weight exists 
such that the limit 

e= limf]^^e(^), (2.25) 

is both non-singular and non-zero. In the local coordinates adapted to the null geodesic ^ can 
be written as 

e = a{U, V, Y')du + P{U, V, Y')dv + I'iU, V, Y')dYi . (2.26) 
Performing the rescaling of coordinates one can expand around Q = as 

n^Cifl) = p{u)d, + fl{j\u)dyi + y'dyip{u)d,) + • • • (2.27) 

Then for Vt^^ being the coefficient of the first non- vanishing term in this expansion 

i^Ymip'^-^^i{n) (2.28) 

is finite and non-zero. Now suppose we have two linearly independent Killing vectors .^i and 
^2- Then it might happen that their leading order terms in a small- ^2 expansion are linearly 
dependent, for definiteness assume they are equal. Do we loose a Killing vector here? Consider 
the difference 

(2.29) 
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By construction the leading order term is zero. The next to leading term defines a new Killing 
vector If ^_ and arc linearly independent we are done, if not one has to iterate the 
procedure. One can show [30] that eventually one ends up with two linearly independent 
Killing vectors of the limiting space-time. Hence the number of Killing vectors never decreases 
in the Penrose-Giiven limit. Notice however that it may very well happen that it increases. 
This is because we have seen that the resulting space-time is of the Hpp-wave form and as we 
know from the previous section this space-time has always an isometry algebra isomorphic to 
a {2D — 3)-dimensional Heisenberg algebra plus outer automorphism (in D dimensions). So 
some isometrics need not have a counterpart in the original space-time and can arise only in 
the limit Q — > 0. It is also important to realize that because different Killing vectors ^ may 
have to be rescaled with different weights the original isometry algebra may get contracted 
in the limit. The discussion of the hereditary properties of Killing spinors is similar. Again, 
no supersymmetries are lost in the limit, though the number of Killing spinors may increase 
(as we have seen Hpp- waves preserve at least 16 supersymmetries). For a more detailed and 
rigorous discussion see [30]. 

The information acquired above is already quite powerful. Consider for example the Penrose 
hmit of ^4^5'. Anti de-Sitter is a conformally flat, locally symmetric, Einstein space. The 
limiting space-time is Ricci-flat, conformally flat and locally symmetric and hence isometric to 
flat Minkowski space. We are primarily interested in the maximally supersymmetric AdS x S 
backgrounds. Now the result depends on the geodesic: if it lies purely in AdS we get Minkowski 
space (the sphere is blown up to flat space in the limit as well); if not it follows from the 
hereditary properties that we have to get the KG solution and the plane wave background as 
limiting space-times [28, 30]. I will also show this explicitly below for the case of AdS^ x S^. 
For AdS^ X S"^ and AdSj x S'^ the Penrose-Giiven limits are isomorphic to each other and result 
in the KG solution [28]. 

The spaces AdSp+2 x S^~'p~'^ with radii of curvature related by Racls/Rs — P provide an 
example which illustrates the above behavior of isometrics [30] . The original isometry algebra 
is so{2,p+ 1) ® so{D — p — 1). The so(2,p + 1) factor is contracted to i){p + 1) x so{p + 1). 
The p + 1 creation- and p + 1 annihilation operators transform as vectors under so{p + 1). 
Similarly 5o{D — p — 1) contracts to i){D — p — 3) x 5o{D — p — 3). The central elements of the 
two Heisenberg algebras coincide; this is due to the fact that two Killing vectors of the parent 
space-time agree to leading order in small Q. Thus the two Heisenberg algebras combine into 
f)(D — 2). The remaining Killing vector ^_ becomes an outer automorphism and the resulting 
contracted algebra is [30] 

i){D - 2) X {so{p + 1) © so{D - p - 3) © M) . (2.30) 

If the radii of curvature are equal (as is the caseforp = 3) the subalgebra5o(p-|- l)(Bso{D—p—3) 
is enlarged to the full so{D — 2). This has no counterpart in the original background. 

Finally, consider the Penrose-Giiven limit of AdS^ x explicitly. The dilaton is constant 
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and in global coordinates the metric and five-form fiux is 

ds'^ = i?2 cosh^ pdt^ + dp^ + sinh^ pdQl + cos^ 9d^^ + dO^ + sin^ Odil'l] , 
F5 = AR'^ [cosh p sinh^ pdt A dp A dn^ + cos 9 sin^ 6*0?^/^ A A dn'^] , ^^'^"^^ 

where i?'' = Angsa''^N and p > 0, t e R, -0 e [0, 27r] and 9 e [0, f]. As alluded to above, 
in order that the limiting space-time will be non-trivial the null geodesic must not lie purely 
within ^^55; so consider a massless particle sitting at the origin of AdS^ {p = 0) and rotating 
around the circle of the parameterized by ip and = [28, 14]. To focus on the geometry 
in the neighborhood of this geodesic the coordinates are rescaled such that a tube around the 
geodesic is blown up. Explicitly, introduce light-cone coordinates a;^ and perform a rescaling 

= + x-^-f,R\t-^), p^^, (2.32) 

where p is an arbitrary (non-zero) mass parameter. Blowing up the neighborhood of the 
geodesic is equivalent to taking — > 00 and the metric and five-form fiux become 

ds"^ — 2dx'^dx~ — ji'^x^idx'^Y + i 

F5 = 4prfx+ A [dx^ A dx^ A dx^ A dx'^ dx^ A dx^ A dx'^ A dx^) . 
This is the plane wave solution of type JIB supergravity [28]. 



2.3 The BMN correspondence 

In the previous subsection I reviewed the connection of AdS^ x and the plane wave back- 
ground via the Penrose-Giiven limit. As IIB string theory on AdSr, x is dual to A/" = 4 
SU{N) super Yang-Mills by the AdS/CFT correspondence [1, 2, 3, 4] the implications of the 
Penrose-Giiven limit on the dual CFT can be studied. 

It has been known for some time that strings on pp-wave NS-NS backgrounds are exactly 
solvable, see e.g. [31, 32, 33, 34, 35, 36]. In hght-cone gauge this is also true for a large class of 
pp-wave R-R backgrounds, in particular the maximally supersymmetric plane wave, in spite of 
the presence of the constant R-R fiux [16]. So one may hope that this simpler setup allows to 
extend our understanding of the AdS/CFT duality beyond the supergravity approximation by 
the inclusion of string states on the plane wave. This is indeed the case as was demonstrated 
by Berenstein, Maldacena and Nastase in [14]. The formulation of the BMN correspondence is 
the subject of this subsection. 

Following the construction of the type IIB superstring action on AdS^ x 5*^ using superspace 
coset methods [37], the action on the plane wave background was constructed by Metsaev in [16]. 
Let me briefiy sketch this construction. The action has to obey the following conditions: its 
bosonic part is the cr-model with the plane wave geometry being the target space; it is globally 
supersymmetric with respect to the plane wave superalgebra and locally ^-symmetric; it reduces 
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to the standard Green-Schwarz action in the flat space hmit. As shown in [16] this conditions 
uniquely specify the action, which as in flat space can be written as a sum of a 'kinetic' a- 
model term and a Wess-Zumino term. The latter is needed to obey the condition of K-symmetry. 
To find the explicit form of the superstring action in terms of the coordinate (supcr)ficlds a 
parametrization of the coset representative has to be specified and the Cartan-Maurer equations 
have to solved. Not surprisingly, the resulting covariant action is non-polynomial [16]. The 
simplest way to proceed is to study the action in light-cone gauge. As in flat space the light-cone 
gauge-flxing procedure consists of two steps, first K-symmetry is fixed by the fermionic light- 
cone gauge choice V^S — 0, then the diffeomorphism and Weyl-symmetry on the world-sheet 
is fixed by the bosonic hght-cone gauge \f^g°^ — "rf^ and x^ia^r) — r. The resulting action 
is quadratic in both bosonic and fermionic superstring Id fields, and hence can be quantized 
explicitly [16]. In fact, from the form of the metric in equation (2.33), it is obvious that the 
action for the eight transverse directions in light-cone gauge is just that for eight bosons of 
mass ^i. Similarly the fermions acquire masses due to the coupling to the R-R background [38]. 
Masses of bosons and fermions are equal due to world-sheet supersymmetry: after imposing 
the light-cone gauge conditions the world-sheet ^-symmetry and space-time super symmetries 
transmute into rigid world-sheet supersymmetries. As in fiat space 16 of the 32 supersymmetries 
are linearly realized in light-cone gauge and commute with the Hamiltonian [16]. It was shown 
in [39] that the linearly realized supersymmetries correspond to the supernumerary Killing 
spinors of the pp-wave backgrounds. This is in agreement with their independence of x"*" [26] 
(cf. section 2.1). 

After gauge-fixing the light-cone action becomes [16, 38] 



where 11 = rir2p3p4 5" is a Majorana spinor on the world-sheet and a positive chirahty 
5*0(8) spinor under rotations in the eight transverse directions. It is not difficult to quantize 
this action and the resulting light-cone Hamiltonian is [16, 38] 



Here n is a label for the Fourier mode and Nn is the occupation number of that mode including 
bosons and fermions. The ground state energy is cancelled between bosons and fermions. In 
contrast to fiat space, modes with n — ^ are also harmonic oscillators due to the mass terms 
on the world-sheet and string theory on the plane wave has a unique ground state 1^;,^+), 
the light-cone momentum. The single string Hilbert space is built by acting with the bosonic 
and fermionic creation oscillators (for all n) on \v^p^) subject to the level-matching condition 
for physical states 




X 
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(2.36) 
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Truncation to the zero-mode sector gives rise to the spectrum of IIB supergravity on the plane 
wave [38]. I will provide more details on the quantization of strings on the plane wave in 
section 4.1, where I need them. 

To understand the effect of the Penrose-Giiven limit on the dual CFT, consider the scaling 
behavior of the energy E = idt and angular momentum J = —id^ of a state in AdS^ x S^. 
Recall that the AdS/CFT correspondence relates the energy of a string state in AdS^ x 
to the energy of a state in A/" = 4 SYM living on M x S*^ [2, 3], which is the (conformal) 
boundary of AdS^ x in global coordinates. By the operator-state map, the energy of a 
state on R x 5"^, where the has unit radius, translates to the conformal dimension A of an 
operator on IR^. Likewise, the angular momentum J on the translates to the R-charge under 
a U{1)r subgroup of the full SU{^)r ~ SO{<o)r R-symmetry of = 4 SYM. Then we have 
the following relations 

H = -p+ = id+ = ifi{dt + d^) = fi{A - J) , 

Now what happens if we apply the limit R — > ool Firstly, i? — > cxo means N oo, the string 
coupling and hence also gy^^ = i.ngs should be kept fixed. Then a configuration with fixed, 
non-zero p+ requires to scale A, J ~ \fN . In fact, the plane wave superalgebra implies that 
H and p"*" are non-negative or equivalently A > | J| ; this also follows from the representation 
theory of the 4d superconformal algebra. So the Penrose-Giiven limit induces the following 
double-scaling or BMN hmit in = 4 SU{N) SYM [14] 

N ^ oo and J ^ oo with — fixed, gyu fixed. (2.38) 

As a first check consider how the bosonic part of the plane wave superalgebra [)(8) x (so (4) © 
so (4) ©R) is realized in the gauge theory on R x 5"^. The conformal group 5*0(4, 2) is generated 
by the seven Killing vectors of R x 50(4) and eight additional conformal KiUing vectors. By 
singhng out a U{1)r subgroup with generator J the SO{6)r symmetry is broken to SO{4:)r x 
U{1)r. So we see that the transverse symmetry corresponds to 50(4)^ and the isometry group 
of the [14, 40]. In the BMN limit, the eight conformal Killing vectors together with the eight 
broken generators of R-symmetry give rise to a Heisenberg algebra i){8) with central element J 
and outer automorphism E — J, see for example [41, 42]. In other words the A/" = 4 superalgebra 
contracts to the plane wave superalgebra in the Penrose-Giiven limit. In the previous subsection 
I have argued that this is the case, see also [43] for an explicit demonstration. It is an important 
question how the unitary irreducible representations - e.g. composite operators in jV = 4 SYM 
- behave under the contraction [44] . In the limit they should form representations of the plane 
wave superalgebra. In particular, as the conformal dimension diverges in the BMN limit, the 
space-time dependence of their correlation functions is ill-defined and hence requires special 
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treatment. One way to achieve this was proposed in [44] and requires to combine space-time 
with an auxihary R-symmetry space much in the same way that A and J combine into the 
finite quantity A — J. The manifestation of the discrete Z2 exchanging the two transverse R^'s 
in the gauge theory is somewhat mysterious. 

The BMN hmit is different from the 't Hooft hmit of SU (N) gauge theories and at first 
sight puzzUng. To see why this is so, recall that the 't Hooft limit takes — > 00, gyu ~* 0, 
such that the 't Hooft coupling A = Qym-^ fixed. Away from the strict N ^ 00 limit all 
Feynman diagrams of a given order m.l/N can be drawn on a Riemann surface whose Euler 
number is precisely the power of N to which these diagrams contribute [5]. So is identified 
with the genus counting parameter and the perturbation series of the gauge theory may then 
be organized in a double series expansion in the effective coupling A and the genus counting 
parameter This is the standard lore why large N gauge theories are expected to be 

dual to some weakly coupled string theory with coupling The AdS/CFT correspondence 

provides a concrete example where this is realized. The above reasoning breaks down because 
operators in the field theory are not held fixed in the limit but acquire an infinite charge as 
N ^ 00. Indeed, using equation (2.37) and (A — J) <C J, in the BMN limit 

1 _9UN_^,^ Ang,{^a'p^y = ^^g,. (2.39) 



These relations are quite suggestive. It looks hke a new effective couphng A' and a new effective 
genus counting parameter g"^ might develop as a consequence of the simultaneous infinite scaling 
of N and J. This is in some sense correct as I will explain in more detail below. 

While most of the (unprotected) operators acquire infinite anomalous dimension and decou- 
ple in the BMN limit, it is conceivable that some (BMN) operators with a suitable scaling of 
charge survive and be dual to string states in the plane wave background (for a general discus- 
sion, see [45]). At the planar level this class of operators has been identified in [14]. Recall that 
J\f = 4 SYM contains six scalar fields (p^' of conformal dimension one transforming in the 6 of 
S0{6)r. Take J to be the U{1)r generator rotating the 5-6-plane and define Z = ^ (0^ + . 
Z carries unit J-charge and the remaining four scalars 0*, i — 1,...,4 are invariant under 
U{1)r. For simplicity, consider only single-trace operators for the moment. The operator cor- 
responding to the string ground state should carry large J charge and have A — J = 0. There is 
a unique single-trace operator satisfying this requirement which subsequently is identified with 
\v,p+) [14] 

_^IV[Z'^] (2.40) 

where the trace is over color indices. At weak coupling the dimension of this operator is J 
since each Z field has dimension one. As the operator is a chiral primary [14] it is protected 
by supersymmetry and A — J = for all values of the coupling. The normalization is chosen 
such that the operator has normalized two-point function when we restrict ourselves to planar 
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diagrams. However, non-planar diagrams do give a non- vanishing contribution in the BMN hmit 
and the two-point function of Tr[Z'^] can be computed exactly for all genera [46, 47]. This can 
be understood by noting that at genus h diagrams are weighted by l/N"^^ as expected, but at 
the same time the number of diagrams grows as J^'^, see also [40, 48]. So we see the quantity (^1 
emerging as the effective genus counting parameter for the above operator. This will also be true 
for more general BMN operators, to be described below. There is an additional complication: 
at finite g2 single-trace operators are no longer orthogonal to multi-trace operators and it is 
therefore no longer justified to restrict attention to single-trace operators only. To simplify 
matters let me assume = in what follows; then equation (2.40) is a precise identification. 
I will return to the issue of operator mixing below. 

Next consider the supergravity states obtained by acting with the eight bosonic and fermionic 
zero-mode oscillators Oq^ and Sq^ on the plane wave vacuum. Each oscillator raises the energy 
by /i. In the gauge theory these are obtained by the action of the broken symmetries on the 
trace of Z's [14]. For example we can rotate Z into 0* by a broken 5*0 (6)r transformation. 
Applying this to Tr [■Z^"'"^^] one obtains [14] 

--^Tt[<P'Z'] ^ ai,V,p+) , (2.41) 

where the cyclicity of the trace was used. Acting a second time with such a transformation 
changes another Z to 0^ or, if i = j, 0* to Z. For i ^ j 

-^=i==|^Tr[</>'ZV^-^^-T ^ %'al'\v,P^) • (2.42) 

Similarly the action of broken superconformal symmetries give rise to insertions of DiZ — 
diZ + [Aj, Z] and the components of the gaugino with J = 1/2, Xj=i/2^ trace of Z's [14]. 

In this way one obtains a precise correspondence between supergravity states on the plane 
wave and (at the planar level) single-trace chiral primary operators. This is already known 
from the AdS/CFT correspondence [2, 3]. One of the crucial insights of [14] was to extend this 
identification to 'massive' string states. These arc constructed similarly to the above but now 
each insertion is accompanied with a phase. For example, the operator 

J 

e^Tr[zV*^'^"'] (2.43) 

1=0 

reduces to the supergravity state considered above for n — 0, but it vanishes for nonzero n 
due to the cyclicity of the trace. This is precisely how it should be: a single non-zero-mode 
acting on the vacuum does not satisfy the level- matching condition (2.36). So the next-simplest 
possibility is to consider [14] 

-^=i==|^e^Tr[0^ZV^-Z'^i — al^ati\v,p^) , (2.44) 
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where i j, the cychcity of the trace was used to put one operator at the first position and 
1/ J contributions have been neglected in the power of the phase factor. The general rule is 
quite simple, each insertion of an 'impurity' is accompanied with a phase depending on the 
world-sheet momentum; those operators where the momenta do not sum to zero vanish due to 
cyclicity of the trace, in this way implementing the level matching condition; the dictionary 
between impurity insertions and string oscillators is thus roughly (cf. the discussion below) as 
follows [14] 

a'^ i — >(f)\ i = l,2,3,4, 

a'' ^ < — > Di>^4Z , i' = 5, 6, 7, 8 , (2.45) 

gat „ ^a^^_ . 

To check this identification it is useful to expand the string theory Hamiltonian (2.35) for large 
^a'p^ or equivalently for small A' (cf. equation (2.39)) 

We see that for fj.a'p'^ ^ 1 all string states have approximately the same energy; this is 
reproduced by the construction of the BMN operators: in free field theory the inclusion of the 
phases does not make a difference, it is only in the interacting theory that this gets important 
because these operators are no longer protected. Notice however, that the BMN operators 
proposed to be dual to string states are built by sewing together protected operators with 
varying phases. One might imagine that these operators are nearly BPS in the sense that 
a delicate cancellation of renormalization and large J effects protects them from leaving the 
spectrum in the BMN limit. This is exactly what happens [14]. Remarkably it turns out that 
the anomalous dimensions of these operators are not just finite in the BMN limit, but as has 
been argued in [14] , they are perturbatively computable with A' playing the role of the effective 
couphng. Indeed, notice that the first correction in (2.46) involves the 't Hooft coupling A so 
it seems one might reproduce this from a perturbative (in ^) field theory computation. 

Consider for example the operator in (2.44). Taking into account interactions the relevant 
diagrams arise from the quartic vertex 

^g^uTt{[Z,cP'][Z,cP']). (2.47) 

The effect of this vertex can be analyzed as follows. The above interaction can be split into two 
parts, depending on whether the position of the operator (f) in the 'string' of Z's is effectively 
moved to a neighboring position or not. Since at the planar level operators with 0's sitting at 
different positions are orthogonal to each other, contracting all the fields gives a result which, 
for the first class, does not depend on the insertion of the phases, whereas for the second class it 
does. Combining the relevant contributions, utilizing the fact that other interactions involving 
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gauge bosons and scalar loops cancel due to supersymmetry and taking the large N and J limit 
one precisely reproduces the first non-trivial correction in (2.46) [14]. For a careful treatment 
see for example [46]. Notice that the computation was done perturbatively in A, but to take 
the BMN limit requires to send A oo. But the result for small A equals the one for large 
A obtained from the string Hamiltonian and it is tempting to assume that it is correct for all 
A at the planar level. Further support to this conjecture comes from [49] which extended the 
above computation to two loops and presented arguments for higher loops, again matching the 
expectation coming from the expansion of the square root in (2.46). In [50] superconformal 
representation theory was used to argue that the full square root is reproduced; alternatively 
this was seen to be the case in [14] by exponentiating the quartic vertex; let me sketch how this 
works. SYM on MxS*^ can be expanded in spherical harmonics on the S^. In particular the zero- 
modes of scalar fields on the have unit energy and the 'string' of oscillators corresponding to 
the zero-mode of Z carries A — J = 0. To raise the energy we insert for example the zero-mode 
of ~ 6 + 6^ at some position along the string of Z oscillators. In the free theory the position 
of (j) is unchanged and operators with inserted at different positions are orthogonal in the 
planar approximation. So we can think of the J Z's as defining a lattice with J + 1 sites and 
an insertion of (f) at different positions corresponds to the excitations bj at the l-th site of the 
lattice. As alluded to above, the interaction in (2.47) can move an operator ^ to a neighboring 
position, so when acting on the string of Z oscillators the effective Hamiltonian for consisting 
of the free and interacting parts is [14] 

- E {^i^i + ^ [(^'+1 + li) - + ^J)] ') ■ (2-48) 
In the large N and J continuum limit the discretized Hamiltonian reduces to 

f da [02 + 0'' + /.V'] , L = = 27ra'p+ . (2.49) 

Jo V A/^ 

This is the bosonic part of the string light-cone Hamiltonian on the plane wave. Consequently 
the full square root is reproduced from planar gauge theory in the BMN limit and the 'string' 
of Z's plus insertion of impurities becomes equivalent to the physical string [14]. So there is 
evidence that A' emerges as a new effective coupling in the BMN limit and one might think 
that the perturbation series of SYM in the BMN limit can be reorganized as a double series 
expansion in the effective coupling A' and the effective genus counting parameter g^- If true, 
the BMN duality has the interesting property that regimes in string theory on the plane wave 
and SYM in the BMN limit are simultaneously perturbatively accessible. This is in contrast to 
the usual AdS/CFT correspondence, where due to our limited ability to perform calculations 
for finite A in SYM - or equivalently in the full string theory on AdS^ x - the relation is 
a strong/weak coupling duality. Note however, while perturbative calculations in A of BMN 
operator two- and three-point functions can be reorganized in A' [14, 46, 47, 49, 50] - and hence 



19 



an extrapolation to large A seems viable - this is no longer the case for higher point functions: 
computing for example the 4-point function of tr [Z-^] perturbatively in A, a naive extrapolation 
to large A leads to divergences [51]. 

The above heuristic discussion is in fact oversimplifying. Consider for example the BMN 
operators with A — J = 2, that is a defect charge of two. Instead of inserting two impurities 
(defects) into the trace of Z's we could also insert one Z, Dcff^ D^Z etc., that is fields carrying 
multiple defect charge. Indeed, all of these are present, even at the planar level [52]. However, 
they do not give rise to additional string states (there are none) but are hidden within the 
ordinary operators with single charge defects by operator mixing [52] . One example where this 
happens is the SO{A) singlet [51, 52] 

Oi - J2 "^^TTT^^ {^'Z^<^'Z'-'\ - 4 cos -^IV {ZZ'^^\ . (2.50) 

Written hke this it is in fact an exact one-loop eigenstate of A even for finite J [52] . Roughly 
speaking the above mixing is needed to cancel singularities that occur when the two impurities 
collide [51]. For non-zero n the above operator is the primary of a long J\f = 4 superconformal 
multiplet and all the other defect charge two operators dual to string states in the BMN limit 
are contained in this multiplet as descendants [52]. All fields with defect charge two do appear 
in these generalized BMN operators. Analogously, for n = the operator in equation (2.50) is 
the primary of a half BPS multiplet; all operators dual to supergravity states with up to two 
oscillators are descendants. One might conjecture that this pattern generalizes to higher defect 
charge [52]. 

At finite g2 mixing of single-trace with multi-trace operators has to be taken into account [46, 
47]. For example, to compute the anomalous dimension on the torus single- and double-trace 
operators have to be redefined (mixed) in order to normalize and diagonalize their two-point 
functions. For the (redefined) operator in (2.50) one finds at order 0(g(|A') [51, 53] 



(2.51) 



In fact, the above result holds for all BMN operators with defect charge two transforming in the 
various irreducible representations of 5'0(4) x 5'0(4); this is a consequence of superconformal 
symmetry [52] . For the explicit form of some of the redefined operators at this order see [51, 53] . 
It is actually simpler to consider directly the dilatation operator, work with the 'bare' operators 
and diagonalize the resulting anomalous dimension matrix. This approach was followed in [54, 
55] and results in a simple derivation of equation (2.51). Further results on higher genus 
correlators include [56, 57], scalar /vector, vector/vector and multi-trace BMN operators have 
also been considered in [58, 59, 60, 54]. For an extension of equation (2.51) to order C(5'|A') 
see [54] . The contribution of higher genus corrections to the anomalous dimension is related to 
a mass-shift of the dual string states due to interactions. A detailed study of string interactions 
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will be deferred to section 4. Let me however mention a route - which will not be pursued 
in what follows - to study interacting strings on the plane wave, the string-bit formalism [61] . 
Inspired by the emergence of the free string, discretized into J bits along the string coordinate 
a as in (2.48) and from matrix string theory [62, 63, 64], one interprets the J small strings as 
describing the quantization of the J-th symmetric product of the plane wave target space. This 
leads to a quantum-mechanical orbifold model. In a spirit reminding of the matrix string, string 
splitting and joining is then realized by an operator that roughly speaking exchanges two string 
bits; see [61] for details. This approach was further studied in [65, 66, 67] and led to results in 
agreement with field theory. Very recently, doubts on the consistency of this model have been 
voiced in [68] . The reason for this is the so-called fermion doubhng problem, which leads to the 
loss of supersymmetry - inevitably broken by the discretization - even in the continuum limit. 
For a posible resolution of this puzzle, see [69]. Moreover, repeating the above derivation of the 
string Hamiltonian (2.49) by truncation to the lowest modes corresponding to the operators 
DZ and the fermions, apparently docs not lead to the correct string Hamiltonian [41]. 

Finally, let me briefly discuss the issue of holography on the plane wave. As already men- 
tioned, the conformal boundary of AdS^, x in global coordinates is R x 5"^ on which the dual 
SYM theory lives. However, in the Penrose-Giiven limit one focuses on the neighborhood of a 
null geodesic located at the origin of AdS^ and rotating around a great circle of the S^. It was 
shown in [40] that the conformal boundary of the plane wave is a one-dimensional null line. 
This can be seen by a conformal mapping of the plane wave to the Einstein static universe 
]R X S'''. Since the Einstein static universe is regular, the boundary consists of the space-time 
region for which the Wcyl factor is divergent. This is the case for a null line, a S*^ inside the 

shrinks to zero size and the spatial projection of the null line is a circle on the [40]. One 
can picture this as a line winding in time on the Einstein cylinder, see [40] . For a thorough dis- 
cussion of the causal structure of more general pp-wave geometries, which are not conformally 
flat and hence the above trick of identifying the boundary by a conformal mapping does not 
work, see [70, 71] . For a large class of pp- waves satisfying certain conditions, the boundary is 
again one-dimensional. The conformal boundaries and geodesies of AdS^ x and the plane 
wave and how the former approach the latter in the Penrose limit have been analyzed in [72] . 

So the boundary of the plane wave is a null line, whereas SYM lives on M x S*^ before 
the limit is taken. Here one should recall again that the geodesic is rotating on the S*^, so 
when projected on the boundary it is time-like and can be identified with t. As the has 
disappeared in the process this supports the expectation [40] (see also [73]) that the holographic 
dual of string theory on the plane wave is a quantum mechanical matrix model obtained by a 
truncation of SYM on the S^. It would be nice to gain a precise understanding in which sense 
such a truncation can be consistently performed, see also [74]. An alternative approach, the 
construction of a holographic screen consisting of a fom-dimcnsional hypersurface in the plane 
wave, was followed in [75, 76]. It would be interesting to understand if this has some connection 
to [77], where supersymmetric D3-branes and J\f = i SYM on a four-dimensional plane wave. 
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arising from a Penrose limit of IR x 5"^, was studied. For further remarks on holography in the 
plane wave see [78]. One would also hke to go beyond the comparison of masses vs. anomalous 
dimensions in both theories. Some ideas in this respect have been formulated in [40] (see 
however, also [79, 80]), a consistent truncation of SYM in the BMN limit would suggest to 
compare finite time transition amplitudes in this model to string amplitudes on the plane wave. 

3 Extensions of the BMN duality 

3.1 Various approaches 

It is an interesting question whether the BMN proposal is applicable to other less trivial back- 
grounds. Can the string spectrum in less supersymmetric situations again be deduced from a 
subsector of a dual gauge theory with reduced, possibly even no supersymmetry? This question 
was addressed in several publications [81, 82, 83, 84, 85] appearing shortly after [14]. Recall 
that orbifolds of type IIB string theory on AdS^ x [86] provide a simple way to reduce the 
amount of supersymmetry in the AdS/CFT correspondence. For example, the world- volume 
theory of kN D3-branes located at the orbifold singularity of an ALE space is a = 2 
[U{N)]'' quiver gauge theory [87] which is dual to string theory on AdS^ x (S^/Zk) [86]. N 
field theories can arise from D3-branes on orbifold singularities of the form C^/F, with F a 
discrete proper subgroup of SU{3). These are dual to strings on AdS^ x (-S'^/F) [86]. One 
can also consider N D3-branes located at a conifold singularity of a Calabi-Yau three-fold. In 
this case the world- volume theory is a A/" = 1 SU (N) x SU (N) field theory coupled to four bi- 
fundamental chiral multiplets with a IR fixed point and an exactly marginal superpotential [88] . 
This theory is dual to string theory on AdS^ x T^'^, T^'^ being the base of the conifold. 

What happens if we apply the Penrose- Giiven limit to these situations?^ Let me sketch 
the case of AdS^ x T^'^ which was studied in [81, 82, 83]. Topologically T^'^ is a U{1) bundle 
over ^2 X ^2 and its SU{2) x SU{2) x U{1) isometry is identified with a SU{2) x SU{2) global 
symmetry and U{1)r symmetry of the dual superconformal field theory [88]. The surprising 
result found in [81, 82, 83] is that blowing up the neighborhood of a null geodesic rotating 
around the U{1) fiber one ends up with the maximally supersymmetric plane wave background 
again. Consequently a subsector of the gauge theory with enhancement from A/" = 1 to A/" = 4 
supersymmetry should emerge in the BMN limit. Indeed, one finds that the string Hamiltonian 
in this case is related to that of the plane wave by a twisting [81, 82, 83] 

Hti,i — Hgs + Ji + J2 , (3-1) 

where Ji and J2 are rotation generators of a x subspace of the plane wave transverse 
geometry. From the gauge theory perspective H^ia is identified with A — where R is the 

*In general there exist distinct classes of geodesies which give rise to different space-times in the limit. The 
statements I make usually refer to the generic case if not stated otherwise. 
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generator of the U{1)r symmetry and Ja — Qa — ^R, where Qa are the Cartan generators of 
the SU (2) X SU (2) global symmetry. All these combinations remain fixed in the limit, similarly 
to A — J in the J\f = 4 case. In particular the sector in the J\f — 1 theory with supersymmetry 
enhancement is specified by [81, 82, 83] 

Hs5^A-^R-Qi-Q2. (3.2) 

One can explicitly identify these operators in the gauge theory. The matter content consists 
of chiral multiplets Ai and Bi with i?-charge 1/2 and conformal dimension 3/4 transforming 
as (2,1) and (1,2) under the global symmetry. Then the unique operator corresponding to 
the string ground state is ti^AiBi)^, analogous to trZ'^ in A/" = 4. Oscillators in the x 
direction are roughly speaking identified with the action of the raising operators of SU (2) x 
SU{2) on the ground state and a possible addition of phases. For more details, see [81, 82, 83]. 
Another example where J\f — lis enhanced to jV = 4 arises from the Penrose-Giiven limit of the 
dual pair obtained from N D3 branes on a C^/Za orbifold singularity [82]. Further discussion 
of supersymmetry enhancement in J\f — 1 theories arising from various orbifolds of ^S"^ and T^'^ 
can be found in [89]. 

However, supersymmetry enhancement is not a generic feature, as can be seen from the 
examples involving Af = 2 [f/(A^)]^ quiver gauge theory [84, 85, 90] (the case k = 2 has also 
been discussed in [81]). The reason for this is that in the generic case the Penrose-Giiven limit 
of AdS^ X (S^/Zk) yields the orbifold of the plane wave background and hence breaks half 
of the supersymmetry. This example will be discussed in more detail in the next subsection. 
Penrose-Giiven limits of various orbifolds and orientifolds of ^4^5' x S spaces have also been 
considered in [91]. I have said above that generically supersymmetry is not enhanced in the 
Penrose limit of AdS^ x (S^/Zk). A precise statement is the following: if the null geodesic 
is fixed by the group action, the resulting space-time will be an orbifold of the plane wave; if 
this is not the case one recovers the pure plane wave again [84]. Following the logic above this 
means that strings on plane waves can also arise in a sector of A/" = 2 theory with enhancement 
to A/" = 4. This observation leads to a further interesting development. Suppose we have A^i 
D3-branes placed on a C'^/Z^^ singularity. Blowing up the region around a null geodesic not 
fixed by the group action one can also take A^i, N2 ^ oo and keep the it! charge finite [92, 93]. 
How does this affect the resulting geometry? Again, introduce hght-cone coordinates 

x+ ^ ^{t + ip), X- = -iiR^{t-ip), R"^ = 4:T:gsa'^NiN2, (3.3) 

however, this time ^ ~ + since the geodesic is not fixed by Z^^- Taking Ni ^ N2 ^ 00 
yields the standard plane wave geometry with the difference that due to (3.3) the hght-like 
coordinate x~ becomes compact with period 

X ~x +2nR , R = iia' J Angs— . (3.4) 
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Consequently the light-cone momentum p+ is quantized in units of 1/R~ and we have a de- 
scription of discrete light-cone quantization of strings on the plane wave in terms of a quiver 
gauge theory [92, 93]. An interesting new feature is for example the appearance of momen- 
tum and winding states along the compact direction. These are also realized in the gauge 
theory [92, 93]: the dual gauge theory is a \U{Ni)]^^ quiver gauge theory, in particular it con- 
tains N2 bi-fundamental hypermultiplets [87] or, in A/" = 1 language, 2A^2 chiral multiplets in 
the bi-fundamental. Denote their scalar components by {Aj, Bj). The operator tr(yli ■ ■ • Ajq^) 
has precisely the correct quantum numbers to describe a state with one unit of light-cone mo- 
mentum and zero winding. This looks like a 'string' winding once around the quiver diagram 
(which is a circle). Similarly an operator with k units of momentum winds k times around 
the quiver. Winding states are shown to be dual to operators with insertions of adjoint scalars 
from the vector multiplet together with a phase. The picture that emerges is quite suggestive: 
strings carrying momentum are described by operators winding around a large quiver circle, 
whereas strings with non-zero winding are dual to operators which carry 'momentum' (the 
phase). Indeed it was argued in [92, 93], using T-duality, that the 'strings' winding the quiver 
circle are so called non-relativistic winding strings in the T-dual description. I refer the reader 
to [92, 93] for more details. One can also study compactifications of string theory on the plane 
wave along space-like circles [94] . The plane wave with a manifest space-hke isometry is related 
to the standard one by a coordinate transformation, resulting in a shift of the Hamiltonian by 
a rotation generator. For a classification of the preserved supersymmetry under toroidal com- 
pactifications see [94]. Plane waves with space-like isometrics can also arise from non-standard 
Penrose limits of AdS^ x and AdS^ x S'^/Z^ and are dual to triple scaling limits of A/" = 4 
or A/" = 2 gauge theories [95]. The identification of momentum and winding states along the 
space-like circle with operators in the dual gauge theory is similar in spirit to [92, 93], sec [95] 
for the details. 

A further interesting direction is the generalization of the BMN correspondence to non- 
conformal backgrounds [83]. In particular one can consider examples known to be dual to RG 
flows from A/" = 4 in the UV to A/" = 1 IR fixed points and take the Penrose-Giiven limit 'along 
the flow' [96, 97] . Non-conformal backgrounds do, however, not lead to solvable string theories, 
rather they share the generic feature that the Penrose limit leads to time- dependent mass terms 
for the world-sheet theory in light-cone gauge [83] . Despite of this fact it has been argued in [96] 
that some features of the RG flow, such as the branching of a given operator in the UV into 
operators of the IR, can be captured by studying the corresponding problem of a point particle 
propagating in this time dependent background. This system is exactly solvable [96]. One may 
also focus on the geometry in the IR [97, 98, 99] and the resulting background will be one of 
a deformed Hpp-wave containing additional constant three-form fluxes. This leads again to a 
solvable string theory, see also [100]. By choosing a non-standard geodesic, one can use the 
resulting string theory to study heavy hadrons with mass proportional to a large global charge 
in the conflning dual IR gauge theory [99] . An interesting solvable example of a time-dependent 
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plane wave background supported by a non-constant dilaton was considered in [101]. Finally, 
a non-supersymmetrix example has been discussed in [102]. In many models the light-cone 
zero-point energy turns out to be negative; this raises the question about their stability which 
was addressed (and, at least classically, answered affirmatively) in [103]. 



3.2 Strings on orbifolded plane waves from quiver gauge theory 

In the previous subsection I tried to give a flavor of the possible extensions of the BMN duahty. 
In this subsection the case of the plane wave orbifold [84, 85, 90] will be discussed in more 
detail. Specifically, I will consider a orbifold of one of the two subspaces transverse 
to the propagation null vector and show that first-quantized free string theory is described 
correctly by the large N, fixed gauge coupling limit of A/" = 2 [U{N)]'^ quiver gauge theory. 
Apart from being an interesting example with less supersymmetry, a further motivation comes 
from the fact that, as shown in [14, 16, 38], the plane wave background acts as a harmonic 
oscillator potential to the string, and hence the dynamical distinction between untwisted and 
twisted states is less clear. It is thus of intrinsic interest to see if one can find a precise map 
between type IIB string oscillation modes and quiver gauge theory operators, both for untwisted 
and twisted sectors. Indeed, we will see that operators dual to untwisted and twisted sector 
states are quite similar. 

3.2.1 IIB superstring on plane wave orbifold 

As explained in the previous section, the dynamics of superstrings on the maximally supersym- 
metric plane wave geometry supported by homogeneous R-R 5-form fiux and constant dilaton 

ds'' = 2dx+dx- - //^(f 2 + ^dx+f + dx^ + df, 

(3.5) 

-^+1234 = -^+5678 = 4// , 

{x, y) e X R^, is governed by an exactly solvable light-cone world-sheet theory oi free, albeit 
massive fields [16]. The isometry group of the eight-dimensional space transverse to the null 
propagation direction is SO{A)i x SO{A)2. while the space-time geometry is invariant under 
5'0(8), the 5-form field strength breaks it to 5*0(4)1 x 50(4)2. In the Green-Schwarz action 
on the plane wave background, the reduction of the isometry is due to the coupling of spinor 
fields to the background R-R 5-form field strength. 

One is interested in reducing the number of supersymmetries preserved by the background. 
As alluded to above, one can break one half of the 32 supersymmetries by taking a orbifold 
of the subspace parameterized by y. The orbifold action is defined by 

g: {z\z^)^uj{z\z^), uj = e"^ , (3.6) 

where 

z'^—{y' + iy'), ^2^_(/-^/), (3.7) 
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and g acts on space-time fields as 

= exp ^^(J67 - Jsq)^ ■ (3.8) 

Jer and Jgg are the rotation generators in the 6-7 and 8-9 planes, respectively. Defined so, 
the orbifold of the plane wave background is actually derivable from the Penrose hmit of 
AdS^ X /"Lk taken along the great circle of the that is fixed by the l^k action. 

In the light-cone gauge, the superstring on the background (3.5) is described by eight world- 
sheet scalars and eight world-sheet fermions 5*", all of which are free but massive. The masses 
of scalars and fermions are equal by world-sheet supersymmetry (which descends from the light- 
cone gauge fixing of the Grccn-Schwarz action, cf. the remark above equation (2.34)) and equal 
the R-R 5-form field strength /x. S* is a positive chirality Majorana-Wcyl spinor of 5*0(9,1), 
obeying the light-cone gauge condition r^^* = and hence transforming as a positive chirality 
spinor of 5'0(8) under rotations in the transverse directions. Decompose the world-sheet fields 
into representations of SO{A)i x SO{A)2 

x' = (f, y) ^ (f , z\ z') , ^ (x", C) , (3.9) 

where a and a are spinor indices of 5*0(4)2, ranging over 1, 2 and I have suppressed the spinor 
indices of 5*0(4)1 under which x" aiid carry positive and negative chirality, respectively. 
Then the fields x and transform trivially under g whereas 

and fl = diag(a;, a;~^), that is and transform oppositely under the Zk action. It is 
convenient to combine into a Dirac spinor ^, and and into its conjugate ^ and 

analogously for x and x- As the world-sheet theory is free, it is straightforward to quantize the 
string in each twisted sector, the only difference among various sectors being the monodromy 
of the world-sheet fields sensitive to the orbifolding, that is z'^ and ^. The other world-sheet 
fields remain periodic. The monodromy conditions in the q-th twisted sector, ^ = 0, . . . , A; — 1, 
are 

z'^ia + 2Wp+, r) = u'^z"'{a, r) , ^{a + 2'Ka'p+, r) = uj'^E,{a, r) , (3.11) 

and the corresponding oscillator modes depend on n{q) = ^ + f (n e Z). 

Physical states are obtained by applying the bosonic and fermionic creation operators to the 
light-cone vacuum \v,p'^)q of each twisted sector. They should satisfy additional constraints 
ensuring the level-matching condition: 

neZ neZ 

and Zfe invariance. The bosonic creation operators are 

4, and a]^J^), "l^,) , (n e Z) . (3.13) 
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Here, a„ are the x oscillators, whereas a^^^^ and a^.^) are z"^ and z"^ oscillators, respectively. 
The fermionic creation operators consist, in obvious notation, of 

Xl, xl and (3-14) 

Acting with the fermionic zero-mode oscillators on the light-cone vacua and projecting onto 
Zfc invariant states, one fills out M = 2 gravity and tensor supermultiplets of the plane wave 
background. The action of the bosonic zero-mode oscillators on these gives rise to a whole 
tower of multiplcts [38], much as in the AdS^ x case. As an example, we have four invariant 
states with a single bosonic oscillator 

SqIv, P'^)q, (3.15) 

and states with two bosonic oscillators are 

ai''al''^\v,p+)g, Oil\g^^l'^^g)\v,p+)q. (3.16) 

In the Z2 case there are additional invariant states built from two or two z"^ oscillators. 
However, they do not satisfy the level matching condition (3.12). The light-cone Hamiltonian 
in the q-th twisted sector is 




nez 



The first sum is over those oscillators which are not sensitive to the orbifold and Nn (A^ri(g) and 
N_n[q)) is the total occupation number of bosons and fermions. The ground state energy is 
cancelled between bosons and fermions. This corresponds to a choice of fermionic zero-mode 
vacuum that explicitly breaks the SO (8) symmetry, which is respected by the metric but not 
the field strength background, to -SO(4)i x SO{4:)2 [38]. 



3.2.2 Operator analysis in J\f — 2 quiver gauge theory 

It is known [86] that type IIB string theory on AdS^ x (S^/Zk) is dual to = 2 [U{N)f quiver 
gauge theory, the world-volume theory of kN D3-branes placed at the orbifold singularity. In 
light of the discussion in the previous section, one can anticipate that string theory on the 
plane wave orbifold is dual to a new perturbative expansion of the quiver gauge theory at large 
and fi^xed gauge coupling (?ym ~ '^'^Qsk- The factor of k in the relation between the string 
and the gauge coupling is standard and can be deduced by moving the D3-brancs off the tip of 
the orbifold into the Higgs branch, see also [104]. In the new expansion, one focuses primarily 
on states with conformal weight A and U{\)r charge J which scale as A, J ~ \/iV, whose 
difference (A — J) remains finite in the large A^ limit. U{1)r is the subgroup of the original 
SU{A)r symmetry ol M — ^ super Yang- Mills theory, which on the gravity side corresponds 
to the fixed under the orbifolding; this U{1)r together with the SU{2)i subgroup of the 



27 



remaining SO{A) ~ SU{2)i x SU{2)2 that commutes with C SU{2)2 forms the i?-symmetry 
group oi H — 2 supersymmetric gauge theory. 

The reason for the above scahng behavior is that (A — J) is identified with the Ught- 
conc Hamiltonian on the string theory side, whereas^ ^= ~ ^ p'^ being the longitudinal 



momentum carried by the string. When (A — J) ^ J, the light-cone Hamiltonian in (3.17) 
implies that on the gauge theory side there are operators obeying the following relation between 
the dimension A and the U{l)ji charge J 



(A - J)„ = Vl + A'n2 and (A - J)„(,) = a/i + A' (n(g)) 



(3.18) 



In the gauge theory, before orbifolding we have N x N matrix valued fields, that is the gauge 
field and three complex scalars 



1 



V2 



1 



(3.19) 



and in addition their superpartners, fermions x The fields x C spinors of 

5'0(5, 1), transforming as 4 and 4', respectively. To define the orbifolding in the gauge 
theory, we promote these fields to kN x kN matrices Afj,, Z, X and S and project onto 
the Zjt invariant components. The projection is ensured by the conditions 



and 



m c— 1 



szs 



-1 



'=0-1 



SES 



sxs 



-1 



X 



(3.20) 



(3.21) 



where S — diag(l, o;"-'^, o;"^, . . . , o;""'^'^^), each block being proportional to the N x N unit 
matrix. 

The resulting spectrum is that of a four-dimensional M = 2 quiver gauge theory [87] 
with \U{N)Y gauge group, containing hypcrmultiplcts in the bi-fundamental representations 
of U{N)i X U{N)i^i, i G Z mod(A;). More precisely, Af^, Z and X fill out k M = 2 vector 
multiplets with the fermions transforming as doublets under SU(2)r (as its Cartan generator 
is proportional to (Jer -|- Jgg))- The Z field has the block-diagonal form 



\ 



(3.22) 



Zk) 



^Since Jg^n ^5 = the radius of AdS^ is proportional to {kN)^/^. 
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with zeros on the off-diagonal and the diagonal blocks being NxN matrices of U (A^)i's. The Af^ 
and X fields take an analogous form. Likewise, the and S fields fill out k hypermultiplets, 
in which the scalars are doublets under SU{2)ji, whereas the fermions are neutral. The 
fields take the form 

/ \ 




(3.23) 
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and analogously for S. 

The light-cone vacua of string theory on the plane wave orbifold ought to be described by 
Hq = and in the quiver gauge theory this translates to operators with A — J = 0. One can 
build k mutually orthogonal, invariant single-trace operators Ty[S'^Z'^] and associate these 
operators to the vacuum in the q-th twisted sector 



1 



VkJW 



1 1 



(g = 0,...,A;-l). 



(3.24) 



In what sense is this identification unique? After all, in the quiver gauge theory it appears 
that the operators Tr[S'^2^'^] for any q stand on equal footing. However, the orbifold action 
renders an additional 'quantum' Zjt symmetry (see for example [105]) that acts on fields in the 
quiver gauge theory.^ Specifically, one can take an element g in this quantum Zfc to act on 
an arbitrary field Tjj, i,j & X mod(A;), as g : Tij — > Tj+i In particular, one notes that 
g : Tt[S'^Z'^] — ^ u'^Tt[S'^Z-^]. So one can indeed distinguish classes of operators on the quiver 
gauge theory side by their eigenvalues under the quantum symmetry. 

Next, consider the eight twist invariant operators with A — J — 1. They are 



1 



.Tr[S'^Z'V^Z]^al''\v,p+)g, 



— Tr[S'^Z'Xj=y2]^xl\v,P^) 



k^/N^ 
1 

ky/N^ 



Tr[S'^Z-'Xj=,/2] 



(3.25) 
(3.26) 
(3.27) 



These are identified with IIB supergravity modes built out of a single zero- mode oscillator acting 
on the q-th vacuum. Here, V^j^Z — d^Z + [A/^, Z] . Operators corresponding to higher string 
states on the plane wave orbifold arise as follows. Oscillators of non-zero level n corresponding 
to the fields not sensitive to the orbifold are identified with insertions of the operators V^Z, 

''This Zfe should not to be confused with the space-time Zj, used for constructing the orbifold. By construc- 
tion, under the orbifold action all the fields are invariant. 
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'^j=i/2 and Xj=i/2 with a position dependent phase factor in the trace 'Tt[S'^Z'^\. For instance, 
for A - J = 2, // ^ i/, 



-^=i== e'^nS'Z'V.ZZ'-^V^Z] ^ <ta::tj^,p+)^ . (3.28) 

This is exactly the same as in the unorbifolded case - the insertion of the position-dependent 
phase factor ensures that the level-matching condition is satisfied and that the light-cone energy 
of the string states is reproduced correctly [14]. 

The remaining string states involving oscillators with a fractional moding n{q) in the twisted 
sectors, should be identified with insertions of the operators and Sj=i/2 together with 
position-dependent phase factors of the form e^^*'"^*)/'^. Similarly, insertions of and Sj=i/2 
are accompanied with the phase factor e^'^*'"'^"^)/'^. Again, the prescription implements the 
level-matching condition and yields the correct energy of the corresponding string states. For 
r ^ s 

^=L= — <„<<„l«.P^>,- (3.29) 

For the Z2 orbifold, the operator corresponding to ck^g)Ck^^(g) \v,P'^)i, though being Z2 invariant, 
vanishes for all m, n due to the cyclicity of the trace, as it should, cf. the remark below 
equation (3.16). 

Finally, operators with insertions such as T>'^Z, Z or Xj=-i/2 are expected to be hidden 
by operator mixing, much in the same way as discussed in the previous section 2.3. One can 
compute the leading order anomalous dimensions of the A — J = 2 operators in equation (3.29), 
perturbatively in A/" = 2 quiver gauge theory and confirm that the proposal for the twisted sector 
operators reproduces the correct light-cone string energy spectrum. In fact, in the setup 1 have 
outlined above one can proceed with the computations essentially parallel to those of [14] , see 
for example [85] for more details. 



3.3 Further directions 

So far 1 mainly considered closed strings in IIB string theory on the plane wave background, 
their duality to A/" = 4 SYM in the BMN limit and generalizations thereof. In this subsection 
I would like to discuss two further interesting issues: D-branes on the plane wave and string 
theory on more general pp-wave backgrounds. 



3.3.1 D-branes on the plane wave 

Since D-branes capture non-perturbative effects in string theory, their understanding in the 
plane wave background is important. They can be studied by various means: in perturbative 
string theory they are defined as hypersurfaces on which open strings end and hence can be 



30 



analyzed by finding consistent boundary conditions for open strings; alternatively they can be 
described using boundary states, that is coherent states in closed string theory. The boundary 
state imposes certain gluing conditions on the closed string fields that arise through the presence 
of the D-brane. Interactions between two static D-branes through the exchange of closed strings 
at tree level can then be computed by sandwiching the closed string propagator between two 
boundary states. The same process can be re-interpreted as an open string one-loop diagram, 
i.e. the open string partition function. This is open-closed duality, which has to be satisfied 
for a D-brane to be consistent. Yet another way to describe D-branes is by considering their 
world-volume theory, consisting of a Dirac-Born-Infeld and a Wess-Zumino term. Solutions 
to the resulting field equations describe the embedding of the D-brane into the target space. 
Finally, at low energies D-branes arise as solitonic solutions to the supergravity equations of 
motion. 

All of these different approaches have been used to obtain a rather detailed picture of su- 
persymmetric D-branes in the plane wave background via open strings in light-cone gauge [106, 
107, 108], covariant open strings [109], boundary states [110, 111, 112, 108] and the open-closed 
consistency conditions [111, 112], D-brane embeddings [113] and supergravity solutions [114] 
(for a supergravity analysis of branes in the pp-wave space-time originating from the Penrose 
hmit of AdSs x S^, see e.g. [115, 116, 117]). I will summarize these results below, overviews 
over many aspects on D-branes on the plane wave can be found in [118, 119]. For a discussion 
of open strings in the plane wave with a constant B-field turned on, see [120]. 

Let me start with the open string analysis. The covariant action for strings in the plane 
wave [16] is invariant under local K-symmetry. For open strings additional boundary terms arise 
under /t-variations and for supersymmetry preserving configurations these have to be cancelled 
by imposing suitable boundary conditions. In [109] this analysis was performed for longitudinal 
Dp-branes — , m, n), i.e. branes whose world-volume is along x"*", x~ and m and n denote the 
number of coordinates along the two transverse R^'s. Branes with p = 3, 5, 7 and |m — n| = 2 
are half-supersymmetric^ if they are located 'at the origin', whereas 'outside the origin' only 
one quarter of the supercharges, namely half of the kinematical ones, are preserved [109]; these 
results agree with the analysis of open strings in light-cone gauge performed previously in [106], 
as well as the supergravity analysis [114] and D-brane embeddings [113]. Moreover, the Dl- 
brane (+, —,0,0) at any position only preserves half of the dynamical supercharges [109]. As 
the plane wave is a homogeneous space it is rather counterintuitive that the number of preserved 
super symmetries may depend on the position of the brane. In fact, a more precise statement 
is that these branes are flat in Brinkmann coordinates. As the are time dependent in these 
coordinates and do not simply generate translations along the (cf. equation (2.14)), a half- 
supersymmetric brane related to a flat brane at the origin by a translation is curved [114]. 

''This means that half of the kinematical as well as half of the dynamical supercharges are preserved. Kine- 
matical (non-linear ly realized) supercharges square to P"*", whereas dynamical (linearly realized) supercharges 
square to the Hamiltonian plus additional generators. 



31 



Hence flat branes at different transverse positions do not faU in the same equivalence class with 
respect to translations generated by the , see also [107]. 

In light-cone gauge boundary states can only describe instantonic D(p + l)-brancs [121]. 
These are formally related to the longitudinal branes discussed above by a double Wick rotation 
and will be denoted by (m, n) . Boundary states in the plane wave preserving half of both 
kinematical and dynamical supercharges were first constructed in [110] closely following the 
flat space description of [121]. Assume as in flat space that the D-brane preserves half of the 
dynamical super symmetries, i.e. 

(q + ir]MQ)^ II (m, n), y*, r?)) = , (3.30) 

where 77 = ±1 distinguishes a brane from an anti-brane, jt is the transverse position and 

Mab={\[A ■ (3.31) 

Here 7^ are the gamma-matrices of 5*0(8) and the product is over the Neumann directions. 
Together with standard Neumann and Dirichlet boundary conditions on the transverse bosons 
this implies that half of the kinematical supersymmetries are preserved (see e.g. [118]) 

(q + iiqMQ) ^ II (m, n), y*, r;)) = . (3.32) 

Here Mab is analogous to M^j,. The structure of the boundary state and consistency of the cor- 
responding brane is crucially dependent on the choice of M. It is useful to distinguish the cases 
HMHM = ^1, the resulting branes will be sometimes called D_- and D+-branes, respectively. 
Boundary states for D_ were constructed in [110, 111]. The condition on M is equivalent to 
|m — n| = 2 and thus leads to an analogous splitting of transverse coordinates as found from 
the open string analysis [106]. The allowed values for p are p = 1, 3, 5 and moreover, the 
condition (3.30) is only satisfled if yj = 0, otherwise only half of the kinematical supercharges 
are preserved. A detailed analysis and proof of the open-closed consistency conditions was 
given in [111]. In flat space the cylinder diagram can be expressed in terms of certain standard 
■j^-functions and open-closed duality arises as a consequence of the properties of 'j?-functions 
under modular transformations. In the plane wave the cylinder diagram involves deformed 
■j^-functions, where the deformation depends on the mass parameter [111]. It has been proven 
in [111] that these deformed ?9-functions satisfy certain transformation properties that assure 
that the open-closed consistency conditions are precisely satisfied for the half-supersymmetric 
branes. On the other hand, branes away from the origin, i.e. those preserving only half of the 
kinematical supercharges, appeared to violate open-closed duality and hence be inconsistent. It 
is also worthwhile to note, that the kinematical conditions (3.32) are not preserved as a function 
of time [HI]- Indeed, the open string kinematical supercharge does not commute with the 
Hamiltonian and hence is spectrum generating as is the case for closed strings. The open string 
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ground state is an unmatched boson [106] and it follows that the open string partition function 
does not vanish [111]. 

Boundary states for D+ and the analysis of open-closed duality was considered in [112]; 
independently this class was studied in detail in [107] from the open string side. As mentioned 
above, these branes also arose in the supergravity analysis [113, 114] and from the covariant 
open string [109]. In this case the condition on M is equivalent to |m — n| = 0, 4, however the 
coupling of (0, 4) and (4, 0)-branes to the background R-R flux induces a flux on the world- 
volume [113] and correspondingly the boundary conditions for bosons have to be modified. 
Prom the analysis of [112] it seems that the only consistent boundary state with standard 
bosonic boundary conditions is the (0, 0) at any position, i.e. the D-instanton. Again, this is in 
agreement with the open string analysis of [113, 114, 109] where the corresponding object, the 
Dl-brane, is found to preserve half of the dynamical supersymmetries at any position. In this 
case the kinematical conditions (3.32) are preserved as a function of time x'^ [HI], corresponding 
to a vanishing mass term for the open string zero-modes. Hence in this case the ground states 
form a degenerate supermultiplet and the open string partition function vanishes [112]. 

However, this might not be the full story yet [107, 108]. The reason for this is that the 
world-sheet theory being free, it possesses an countably infinite set of world-sheet symmetries. 
These simply correspond to transformations shifting the fields by a parameter satisfying the free 
field equations. For the open string such a shift changes the action by a boundary term, so it 
is a symmetry if it satisfies appropriate boundary conditions. As shown in [107] the dynamical 
supercharges broken by D_-branes located outside the origin and the kinematical supercharges 
broken by the Dl-brane can be combined with world-sheet transformations that generate a non- 
vanishing boundary term in such a way that the combined transformation is a symmetry of the 
open string. Together with open string symmetries originating from closed string symmetries 
compatible with the boundary conditions they generate a superalgebra similar to that of the 
other half-supersymmetric branes [108]. An analysis of the boundary states for D_-branes 
located outside the origin showed that these do preserve a combination of eight dynamical and 
kinematical closed string supercharges in addition to the eight standard kinematical ones. It 
would be interesting to see whether these D_-branes turn out to be consistent with open-closed 
duality. 

The BMN correspondence can be extended to open strings [122, 123, 113, 124]. It was 
shown in [113] that the D_-branes located at the origin, descend from supersymmetric AdS 
embeddings in AdS^ x through the Penrose limit; these originate from the near- horizon limit 
of supersymmetric intersections of the Dp-branes with a stack of D3-branes. For example, in the 
near-horizon limit, a suitable D3-D5 system leads to a D5 wrapping a AdS^^ x S"^ submanifold in 
AdS^ X S^. AdS/CFT is then supposed to act twice and the holographic dual is SYM coupled 
to a three-dimensional defect. The defect theory lives on the boundary of AdS^ and as such is a 
CFT. The physics of closed strings and 5-5 open strings is described by the bulk theory, whereas 
the boundary theory captures 3-3, 3-5 and 5-3 strings [125, 126, 127]. In particular, the 3-5 and 
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5-3 strings give rise to hypermultiplets in the fundamental of the gauge group. Applying the 
Penrose hmit results in the D5 (+, — , 3, 1) brane at the origin. The dual description is through 
the BMN limit of SYM coupled to the three-dimensional defect. The closed string vacuum is 
dual to the trace of Z's and intuitively one expects the open string vacuum also to be dual to 
a large number of Z's, but instead of the trace with 'quarks' at the end of the 'string'. This 
is indeed the case, the 'quarks' are scalars in the hypermultiplet originating from 3-5 and 5-3 
strings and qZ^ q represents the open string vacuum [123]. Open string excitations are then 
dual to insertions of defect fields and, for non-zero-modes, in analogy with the insertion of 
phases for the closed string, cosines and sines for Neumann and Dirichlet boundary conditions, 
respectively [123]. The D7 — , 4, 2) was discussed in [122], this is more involved as orientifold 
planes have to be added to have a consistent theory, but the basic idea remains the same. A 
further interesting example is the giant graviton, i.e. a D3-brane wrapped on a in the S^, 
which in the Penrose limit gives rise to the (+, — , 0, 2) brane. Here the open string fluctuations 
arise from subdeterminant operators in SYM with large i?-charge, see [124] for details. 

3.3.2 Strings on pp- waves and interacting field theories 

So far we have seen that we can get solvable string theories in light-cone gauge turning on 
null, constant R-R field-strengths in a plane wave geometry. As first discussed in [128], a large 
class of interacting string models with world-sheet supersymmetry, can be engineered in more 
general pp-wave geometries with non- constant ^wxes and possibly transverse spaces with special 
holonomy; for example 

ds^ = -2dx+dx- + H{x') {dx+Y + dsl , 
F5 = dx'^ A </7(x') , 

and all other background fields set to zero. It is convenient to split the candidate KiUing 
spinor e into two parts of opposite SO{8) chiralities, e — £+-!-£_. Analyzing the gravitino 
variation, one finds that £+ is independent of all the coordinates; at lowest order in (f this is the 
supernumerary spinor we encountered before and gives rise to linearly realized supersymmetry 
on the world-sheet in light-cone gauge. On the other hand, it is useful to split into two parts 
as well: one, independent of (and x~) is determined through e+ by the Killing equation, 
see [128] for the explicit solution. This completes the supernumerary Killing spinor for non- 
constant ip, however, as it is annihilated by r+ it does not survive as part of the linearly 
realized supersymmetry in light-cone gauge. Depending on ip one might also have a number 
of kinematical supersymmetries; these correspond to the part of £_ depending only on x'^ and 
solving the Killing equation with e+ — 0; they imply that an even number of fermions (and 
hence also bosons) are free on the world-sheet and decouple from the remaining interacting 
fields. Generically there will be no kinematical supersymmetries. If the transverse space is 
curved, space-time supersymmetry requires it to have special holonomy. For example, for 
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solutions with at least N — (2, 2) world-sheet supersymmetry the most general possibility is a 
Calabi-Yau four-fold. The Killing spinor equation determines the bosonic potential H in terms 
of (p and imposes additional constraints on the allowed four-forms. For N = (2, 2) the solution 
is parameterized in terms of a holomorphic function W and a real, harmonic Killing potential 
U. Moreover, the Lie-derivative of W along the holomorphic Killing vector = iW has 
to vanish [128]. Explicitly, the general solution leading to = (2,2) world-sheet theories in 
light-cone gauge is [128] 

ds^ = -2dx+dx- -2,2{\dW\^ +\V\^){dx+Y + 2g^,^dz^dz\ (3.34) 
Vnu = j^^Puwr^'^u = V^V^W^ , ipjiij = ifl^ , (3.35) 
^u.v = ^^PtMup" = V^Vijt/ . (3.36) 

Holomorphicity of W follows because the (1, 3) forms in the 10 of 5'C/(4) are co-closed, whereas 
U is harmonic due to tracelessness of the (2,2) forms in the 15. To get interesting interacting 
world-sheet theories the transverse space needs to be non-compact [128]. As the geometry is 
that of a pp-wave, one can still choose the light-cone gauge; the form of the resulting world-sheet 
theory is dictated by supersymmetry [129]. Notice that, pp-wavc string theories do not lead to 
the most general 2d supersymmctric field theories: the target space is always eight-dimensional 
of special holonomy and the Killing potential U has to be harmonic due to the self-duality of 
F5. Turning on an additional null R-R three- form leads to a second Killing vector (commuting 
with the first one), and again the corresponding potential is harmonic as a consequence of 
the variation of the dilatino [130]. In the case oi N — (1, 1) the transverse space has Spin(7) 
holonomy, one gets a real harmonic superpotential [128] and, if the R-R three-form is non-zero, 
one harmonic Killing potential [130]. 

This general class of pp-wave solutions of type IIB supergravity is interesting for several 
reasons. They are exact string solutions, i.e. they do not receive a' corrections. In particular 
this is true for the plane wave background, see [131] for a proof based on the pure spinor 
approach for a covariant description of strings in R-R backgrounds. In semi-light-cone gauge, 
conformal invariance of the GS superstring on the plane wave has also been studied in [132]. As 
shown in [133], for the pp-wave space-times it is more advantageous to use the U{A) formalism, 
where strings are governed by exact interacting N — 2 superconformal world-sheet theories. 
This proves the exactness of this general class of solutions, see also [134] for an extension to a 
larger class of R-R backgrounds, some of which cannot be studied in light-cone gauge. For an 
alternative argument, based on space-time properties, essentially the existence of a covariantly 
constant null vector, sec [135]. 

Another interesting feature is the possibility to choose the superpotential such that the 
world-sheet theory becomes integrable [128]; in that case one may hope to use known properties 
of integrable models to learn about strings propagating in these backgrounds, see also [135, 136] 
for further discussions and examples. 
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D-branes in these backgrounds have been analyzed in [137], for example for N — (2,2) 
branes are supersymmetric if they wrap complex manifolds and the superpotential (and Killing 
potential) are constant on the world-volume; one can also have supersymmetric D5-branes 
wrapped on special Lagrangian submanifolds and appropriate conditions on the potentials. 
These results were derived in [137] in two ways, in the same spirit I described in the previous 
section: by analyzing supersymmetry preserving boundary conditions in the world-sheet theory 
and by finding supersymmetric embeddings in target space. Interestingly, for the special case 
of the plane wave, the branes found in [137] are 'oblique', that is they are oriented in directions 
that couple the two transverse R^'s; these however, generically preserve less supersymmetry 
than the branes considered in the previous section. Recently 'oblique' branes in the plane wave 
background have been analysed in detail in [138]. 



4 String interactions in the plane wave background 

In the previous two sections I have among other things discussed and explained how free strings 
on the plane wave background and its orbifold arise in a double-scaling limit of A/" = 4 SYM 
and M = 2 quiver gauge theory, respectively. A computation of the anomalous dimensions 
of BMN single-trace operators in interacting planar J\f = 4 SYM [14, 49, 50] reproduces the 
mass spectrum of free string theory [16, 38]. It is obviously an interesting question how string 
interactions and the non-planar sector of (interacting) gauge theory will fit into this picture. 
Before going into details let me first make a few general remarks. The proposed duality between 
free string theory and planar, interacting jV = 4 SYM in the BMN limit 

-H^A-J (4.1) 
A* 

should encompass interactions and non-planar effects, respectively. This follows from the fact 
that the global symmetries of both sides of the duality are not expected to be broken by 
quantum effects and hence the relation (4.1) should hold to all orders in the string couphng 
as a consequence of the AdS/CFT correspondence [48]. As the two operators act on different 
Hilbert spaces, this identity should be interpreted with some care. One information encoded 
in (4.1) is the identification of eigenvalues of the two operators. This is a basis-independent 
statement, on both sides of the duality we can choose any suitable basis, compute the matrix 
elements of the operator and obtain the eigenvalues by diagonalization. Subsequently the 
corresponding eigenstates can be identified (up to degeneracy ambiguities). Recall once more 
the relations 

= A', Ang,{fia'p+f = g,. (4.2) 



As already stated, considering planar {g2 = 0) gauge theory for small A' is equivalent to free 
{gs — 0) string theory for large /la'p'^. Now what happens if we take g2 to be non-zero in 
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the free gauge theory? We see from (4.2) that this means to take jia'p'^ — > oo, g'g — 0, 
such that QsiiJia'p'^y is finite. As single- and multi-string states are orthogonal to each other, 
whereas single-trace BMN operators start to mix with multi-trace ones at finite g2 in the free 
gauge theory [46, 47, 51, 48, 53], the identification of states with operators is modified for 
finite g2. The fact that the required transformation is not unique [51, 48, 53, 66, 139] can be 
intuitively understood from string theory, because string states become highly degenerate for 
jia'p'^ = oo. Taking into account string interactions is equivalent to considering non-planar, 
interacting gauge theory. Then the freedom of mixing is getting more constrained because the 
dual operators now have to be eigenstates of the interacting dilatation operator. The ambiguity 
is still present for protected operators or ones where the interaction does not lift degeneracies 
present in the free theory. 

As we are only able to obtain the free string spectrum in light-cone gauge, we should ask 
how interactions can be studied in this picture. In fiat space, the usual strategy is the vertex 
operator approach and the difficulties associated with the fact that is quadratic in the 
transverse coordinates are circumvented by using the ten-dimensional Lorentz invariance to set 
p+ = in general scattering amplitudes. However, in the plane wave background transverse 
momentum is not a good quantum number due to the harmonic oscillator potential confining 
the string to the origin of transverse space. Moreover ten-dimensional Lorentz invariance is 
broken by the non-zero R-R flux, in particular there is no J'^~ generator. This obstruction 
signiflcantly hinders the vertex operator approach to string interactions. There is only one other 
known way of studying string interactions in light-cone gauge, namely light-cone string field 
theory pioneered by Mandclstam [140, 141] for the bosonic string, see also [142, 143, 144, 145], 
and extended to the supcrstring in [146, 147, 148, 149]. The construction of light-cone string 
field theory in the plane wave geometry [150, 151, 152, 153] and the derivation of the leading 
non-planar correction to the anomalous dimension of BMN operators with two defects (cf. 
equation (2.51)) from string theory [154, 155] is the main subject of this section and will be 
discussed in detail in the following subsections. For a qualitative discussion of closed and open 
string interactions from the gauge theory point of view see [40]. 

Further studies of string interactions and their comparison with gauge theory in the BMN 
limit include [156, 157, 158, 159], where an alternative construction of the string field theory 
vertex is pursued. Recently two inequivalent supersymmetric completions have been put for- 
ward in [160] and [161], respectively. 1 will discuss this issue in more detail in section 4.3. 
In [162, 163] cubic interactions of IIB supergravity scalars arising from the dilaton-axion sec- 
tor and the chiral primary sector - corresponding to mixtures of the metric and the five-form 
- were analyzed, the role of the bosonic prefactor in string field theory on the plane wave 
was studied in [164, 165]. For an investigation of the S-matrix for strings in the plane wave 
sec [166]. In [167, 168] interactions of supergravity and string states were computed to leading 
and subleading order in fia'p^ and agreement with the planar three-point functions of BMN 
operators was established. For an extension to non-planar corrections and higher string inter- 
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actions see [169, 170] . Here the comparison was based on the earher proposal of [47] that the 
coefficient of the three-point function of BMN operators is proportional to the matrix element 
of the cubic interaction in the plane wave. With the work of [48] (see also [171]) this proposal 
has been replaced by the more rigorous expression in equation (4.1). Indeed, see also [79] for 
a derivation of a vertex-correlator duality slightly different from [47]. By identifying single 
string states with mixtures of single and multi-trace BMN operators - defined such that the 
redefined single/multi-trace operators arc orthogonal in the non-planar, free gauge theory - 
general matrix elements of the two sides in (4.1) have been compared in [48, 66, 67, 139, 172]. 
In [173, 174] methods of collective field theory have been employed to derive the string field 
theory vertex for supergravity and (certain) string states from the matrix model truncation of 
SYM in the BMN hmit. 

The algebraic structure of the cubic interaction vertex, in particular its expansion in powers 
of na'p^ was first examined in [151, 175] and subsequently studied in [176, 152]. For comments 
on a non-trivial dependence of the string coupling on fia'p^ see [177]. Most notably, closed 
expressions for all the quantities appearing in the interaction vertex as functions of /la'p^ were 
provided in [178]. 

This section is organized as follows. To make the presentation self-contained and to intro- 
duce necessary notation I briefiy review the free string on the plane wave in section 4.1. In 
section 4.2 I discuss the general features of light-cone string field theory. The construction of 

the kincmatical and dynamical parts of the vertex and the (dynamical) supercharges in the 
number basis is described in detail in sections 4.3 and 4.4. The functional expressions for the 
dynamical generators are given in section 4.5. The results are applied in section 4.6 to recover 
in light-cone string field theory the leading non-planar correction to the anomalous dimension . 
Several technical details that are not included in this section are given in appendices A and B. 

4.1 Review of free string theory on the plane wave 

In this subsection 1 briefiy review some basic properties of free string theory on the plane wave 
background [16] and introduce some notation. After fixing fermionic /t-symmetry and world- 
sheet diffeomorphism and Weyl-symmetry in light-cone gauge, the r-th free string propagating 
on the plane wave is described by x^ar) and i?"((Jr)^ in position space or by pKcTr) and A"((Tj.) 
in momentum space, where / = 1, . . . , 8 is a transverse S0(8) vector index, a = 1, . . . , 8 is a 
S0(8) spinor index. I will often suppress these indices in what follows. The bosonic part of the 
fight-cone action is [16] 

SB(r) = J J ~ ~ '"^^^-^ ' ^'^'^^ 

^•dr are the non-vanishing components of the 50(9, 1) spinor S satisfying the liglit-cone gauge T^S = 0. 
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where 

In a collision process will be negative for an incoming string and positive for an outgoing 
one. The mode expansions of the fields xl{ar, r) and pl.{(^r, r) at r = are 



x^[ar) = Xo(^) + V2 > cos , — , + sm , — , j , 

'^^^ oo (4-5) 

J / \ -L r 7- I > / T Tier f J , TICJ T \ ~\ 

Pri^r) = [Po(r) + V 2 (p„(,) COS — + Sm — )J . 

n=l ^ ^ 



The Fourier modes can be re-expressed in terms of creation and annihilation operators as 



^n(r) = M/ KW - «n(V)) ' Pn{r) ^ \j ^ («n(r-) + «„(.)) > (4-6) 



where 

Un{r) = \Jn^ + {nar^ . (4.7) 
Canonical quantization of the bosonic coordinates 

[xi.{ar),pi{as)] = iS^-^SrsSiar - (J,) (4.8) 

yields the usual commutation relations 

K(r),ai\s)]=^'^^nmSrs- (4.9) 

The fermionic part of the light-cone action in the plane wave is [16] 

5p(^) = — f dr [ ' dar[i{^r'&r + ^tK) - ^vK + - 2/ii?rni?^] , (4.10) 
Stt j Jq 

where 'i?^ is a complex, positive chirality SO (8) spinor and 

n„, = (7S'7'7')a;. (4.11) 

is symmetric, traceless and squares to one.^ The matrix 11 breaks the transverse 5'0(8) symme- 
try of the metric to SO{A) x SO{A) and induces a projection of SO{%) spinors to subspaces of 
positive (negative) chirahty under both 5'0(4)'s. The mode expansion of and its conjugate 
momentum iA" = i-^^r at r = is 



Ki^r) = + ^^Y^i^lir) COS ^ + r Sin ^) , 

"■' ^ (4.12) 

n=l ' ' ' 



^In comparison with section 2, here 7^ are the gamma-matrices of 50(8). Throughout this chapter I use the 
gamma matrix conventions of [148]. 
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The Fourier modes satisfy 

I a 

and, due to the canonical anti-commutation relations for the fermionic coordinates 



Ki(r) — ~l^'^n{:r) ) (4-13) 



{r,{<Tr), \\{<Ts)} = 5'''5rs5{<Tr - (7,) , (4.14) 

they obey the following anti-commutation rules 

{Kir)Mis)] = 8'''5nmSrs. (4-15) 

It is convenient to define a new set of fermionic operators [150] 

Cn(r) 



1 + pn{r)^)bn{r) + e(a,.)e(n)(l - pn{r)^)h^_n{r) ' (4-16) 



which exphcitly break the SO{%) symmetry to SO {A) x SO {A). Here 

Pn(r) = P-n(r) = , C„(j.) = C^n(r) = , ■ l^.i/j 

These modes satisfy 

The free string light-cone Hamiltonian is 



{b:(r),b'lj = S'^XmSrs. (4-18) 



In the above the zero-point energies cancel between bosons and fermions. Since the Hamiltonian 
only depends on two dimensionful quantities /i and ar, a.' and p+ should not be thought of as 
separate parameters. 

The single string Hilbert space is built out of creation operators acting on the vacuum \v)r 
defined by 

a'n(r)\v)r = , hn{r)\v)r = , 71 G Z . (4.20) 

Physical states have to satisfy the level-matching constraint 

5^ ^(«I(r)«nW + ^l(r)^nW) = ^ ' (4-21) 

which expresses the fact that there is no physical significance to the choice of origin for a^. 

The isometries of the plane wave background are generated by H, P"*", P^, J+^, J'-' and 
J*'-''. The latter two are angular momentum generators of the transverse SO {A) x SO {A) 
symmetry of the plane wave. The 32 supersymmetries are generated by , and Q~ , 
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Q~ . The former correspond to inhomogeneous shift symmetries on the world-sheet ('non- 
hnearly reahzed' supersymmetries) , whereas the latter generate the linearly realized world-sheet 
supersymmetries. In sigma models the isometries of the target space-time result in conserved 
currents on the world-sheet. These have been obtained in [16] by the standard Noether method. 
I will need the following expressions (at r = 0) 



2M»r\ _ _ l'2Mar\ 



dar pi, JfX 



(4.22) 



Conservation of (angular) momentum at the time of interaction (r = 0) will then be achieved by 
local conservation of YliPri'^r) ^-nd e{ar)xl.{(Tr) i see equation (4.47) below. The supercharges 
are 

Qtr)^]/-^ X ci(7,V2A,, (4.23) 

(5^) ~ y ~ J ^^'^ \2'Ka' e{ar)prlXr — ix'j.^Xr — i/j.Xr'yliXr] , (4.24) 

and Q^-) = 6(0;^) [Q^-)]^ Conservation of the non-linearly realized supercharges by the inter- 
action is established by local conservation of ^ Ar(crr) and J2^{(^r)'^r{<^r), cf. equation (4.62). 
Expanding Q~ in modes one finds 



Q 



(r) - ~7^^(v^ «o{r)(l + e{ar)U) + aj(^)(l - e{ar)U) 



A, 



0(r) 



(4.25) 



where 



n(r) 



;i - Pn(r)n) . 



(4.26) 



(r) 



4.2 Principles of light-cone string field theory 

The basic object in string field theory is an operator ^ that, roughly speaking, creates or 
annihilates strings and is acting on a Hilbert space Ti}^ In light-cone string field theory \1' is 
a functional of the light-cone time x^ , the string length |a| and the momentum densities p\cf) 
and A"((7) specifying the configuration of the created/annihilated string. Observables of the 
free theory are expressed in terms of ^, for example for the free light-cone Hamiltonian 



H2 = \j d\a\V'p{a)V'X{a)-^'^ {^p 



— — — -F// q; --All— 
4 8p^ ' 2 5X 



(4.27) 



^^H is the direct sum of m-string Hilbert spaces Tirm the latter being the direct product of the single-string 
Hilbert space Hi. 
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To add interactions to the theory we have to ask the following question: what are the guiding 
principles in the construction of the interaction? For the bosonic string the answer is very 
intuitive and geometric [140, 141], the interaction should couple the string world-sheets in a 
continuous way. For example, the interaction vertex for the scattering of three strings depicted 
in Figure 1 is constructed with a Delta-functional enforcing world-sheet continuity. The func- 




Figure 1: The world-sheet of the three string interaction vertex. 

tional approach [140, 141, 144, 145] can be extended to the superstring [146, 147, 148, 149]. 
Here the situation is slightly more complicated, but the basic principle governing the construc- 
tion of interactions is very simple: the superalgebra has to be realized in the full interacting 
theory. It is easy to understand why this complicates matters, as the supercharges that square 
to the Hamiltonian have to receive corrections as well when adding interactions. This is the 
essential difference to the bosonic string and modifies the form of the vertex [146, 147]. In a 
way the picture remains quite geometric, but in addition to a Delta-functional enforcing conti- 
nuity in superspace, one has to insert local operators at the interaction point [146, 147]. These 
operators represent functional generalizations of derivative couplings. 

To be more precise, consider the plane wave geometry and the behavior of the various 
generators of its superalgebra [24] when interactions are taken into account. In fact, one can 
distinguish two different sets of generators. The first set consists of the kinematical generators 

P+ , P^ J+' , J'^ , J''^' ,Q+,Q+, (4.28) 

which are not corrected by interactions, in other words the symmetries they generate are not 
affected by adding higher order terms to the action. Hence these generators remain quadratic 
in the string field ^' in the interacting field theory and act diagonally on Ti. On the other hand, 
as alluded to above, the dynamical generators 

H,Q-,Q-, (4.29) 

do receive corrections in the presence of interactions and couple different numbers of strings. 
The requirement that the superalgebra is satisfied in the interacting theory, now gives rise 
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to two kinds of constraints: kinematical constraints arising from the (anti)commutation re- 
lations of kinematical with dynamical generators and dynamical constraints arising from the 
(anti)commutation relations of dynamical generators alone. As I will explain below, the former 
will lead to the continuity conditions in superspace, whereas the latter require the insertion 
of the interaction point operators. In practice these constraints will be solved in perturbation 
theory, for example H, the full Hamiltonian of the interacting theory, has an expansion in the 
string coupling 

H = H2 + g.Hs + --- , (4.30) 

and H3 leads to the three-string interaction depicted in Figure 1. To illustrate the procedure, 
consider the commutator 

[i/, p^] = v+^ (4.31) 

which is of course different from the one in fiat space. In the plane wave geometry transverse 
momentum is not a good quantum number due to the confining harmonic oscillator potential. 
However, expansion in gfg implies the same kinematical constraint as in flat space 

[Hs,P']^0, (4.32) 

and, therefore, the interaction is translationally invariant. In fact, the relation (4.32) is also 
valid for all higher order interactions and as it is identical to the one in flat space many of the 
techniques developed in [147, 148] may be used in the plane wave case as well. In momentum 
space the conservation of transverse momentum by the interaction will be implemented by a 
Delta-functional (cf. (4.22)) 



3 

,r=l 



(4.33) 




for a precise definition of this functional see Appendix A, equation (A.l). Here the coordinate 
(7 of the three-string world-sheet is related to the coordinates cr^ of the r-th string as 

— TrcKi < a < irai , 

TTtti < a < 7r(ai + 02) , 
— 7r(a;i + 02) < o" < —nai , 
- 7r(Q!i + a2) < a < 7r(Q;i + a2) 

and ai + a2 + 0(3 — 0, < 0, i.e. the process where the incoming string splits into two strings. 
The joining of two strings into one is the adjoint of this process, see also section 4.6. In general, 
when I write an expression like Pr(o') it is understood that the function has support only for 
a within the range that coincides with that of the r-th string. So, for example Pric) actually 
denotes Pr{o') = Pr{o'r)Qr{<^), where 

ei((7) = e(7rQ;i-|(7|), e2{o-) ^ 9{\a\ - Trai) , Qsia) ^ 1 . (4.35) 
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Analogously from 

[H,Q+]^-PlUQ+ =^ [//3,Q1=0, (4.36) 

and, since light-cone momentum is a good quantum number, [H, P+] = 0, one concludes that 
the cubic interaction contains (cf. (4.23)) 



r=l 



5 ■ (4-37) 



,r=l 



Most interesting is the supersymmetry algebra 

{Q^, Ql} = ^S,i,H - ^|^{^^JIl).^J^^ + z/.(7,,,n) .^J^'^' , (4.38) 

which also differs from the one in flat space. Expanding the supercharges Q'^ — Q^^ + QsQ^d + 
• • • , and analogously for Q~ , the dynamical constraint following from (4.38) at 0{gs) 

{Q2a. J + {Q-^a. Q-,l) = '^hhHz , (4.39) 

is again the same as in flat space. This constraint will be solved by inserting a prefactor 
hsioirjPric), K{c)) into the ansatz for and analogously for and . As I have already 
mentioned, the prcfactors are operators inserted at the interaction point as required by locality, 
see also section 4.5. In summary, the structure of the superalgebra implies that the cubic 
interaction can formally be written in the form 

Hs = J (i/i3/i3(ar,Pr(a),A,(a))*(l)*(2)*(3), (4.40) 

where ^(r) is the string field for the r-th string, hs is the prefactor determined by the dynamical 
constraints and the measure is 

3 

d/.3 = l[darD'Xr{a)D'pr{a)5{J2o^s)A'[J2>^sia)]A'[J2psic7)] . (4.41) 

r=l s s s 

The expressions for and are similar with different pref actors but the same measure d/i^. 

To give a precise meaning to the above functional expressions and in particular, to solve 
the dynamical constraints, it is essential to do computations in the number basis [142, 143]. 
For simplicity consider the bosonic part, also the dependence on (and integration over) will 
be suppressed in what follows. The bosonic part of the string field ^' can be expanded in the 
number basis as 

E'^-'^n^-^(^'^)' (4.42) 

where is an operator that creates/annihilates a number basis state \mk) and ipmkiPk) is 
the mfe-th oscillator wave function in momentum space. Substituting this into (4.40) yields the 



44 



cubic coupling C{'mk(i),mk{2), '>Tik{3)) of three fields (t>mk(r)- convenient to express not as 
an operator mapping TYi — > 7^2 (or the adjoint process) but as a state in the 3-string Hilbert 
space via 

C(mfe(i),mfe(2),mjfc(3)) = (mfe(i)|(mfc(2)|("^fe(3)|-f^3) ■ (4.43) 

Analogously the operators Qg and Q'^ will be identified with states jQj ) and \Q'^) in 7^3 . Then 
we can write 

m = h\V), {AAA) 

where is the prefactor (operator) and the kinematical part of the vertex \ V), common to all 
the dynamical generators, is 

(3 \ ^ r ^ 

^ a J , \E,) = l[ Vpr A« [J2ps(^)] \Pr) , (4.45) 
r=l / r=l s=l 

and a similar expression for the fermionic contribution \Eh). Here \p) is the momentum eigen- 
state 

\P) = n 1^^) = Yli^n^Mlrrik) 
feez {mk} kei 




(4.46) 



and |0) is annihilated by a„. Using (4.6) one can check that this is indeed a momentum eigen- 
state. It is not too difficult to derive the analogous expression for the fermionic contribution, 
but I will not need it in what follows. 



4.3 The kinematical part of the vertex 

In the previous subsection I have explained the general ideas underlying light-cone string field 
theory and presented formal expressions for the cubic corrections to the dynamical generators 
of the plane wave supcralgebra. In particular we have seen that the solution to the kinematical 
constraints can be constructed as a functional integral, which is common to all the dynamical 
generators, cf. (4.45). To obtain the full solution we still need to determine the exphcit form 
of the prefactors and for this it is necessary to explicitly compute the functional integral in the 
number basis. 

The bosonic contribution \Ea) to the exponential part of the three-string interaction vertex 
has to satisfy the kinematic constraints [147, 148] 

3 3 

J2Pr{(^)\Ea)^0, ^e(Q;,)x,((7)|£;„) =0. (4.47) 

r=l r=l 



45 



These are the same as in flat space and arise from the commutation relations of H with 
and J"*"^. They guarantee momentum conservation and continuity of the string world-sheet in 
the interaction. The solution of the constraints in (4.47) can be constructed as the functional 
integral (cf. (4.45)) 



3 „ 3 

r=l ^ S=l 

3 3 
r=lnel. s=l 



(4.48) 



In the second equality the precise definition of the Delta-functional in terms of an infinite 
product of delta-functions for the individual Fourier modes of its argument was used, see 
appendix A, equations (A.1)-(A.7) for details and the explicit expressions of the X^'-\ As the 
resulting integrals are Gaussian (cf. (4.46)) the evaluation is straightforward and the result 
is [150] 

\Ea) ~ exp ( 1 J] 5] aL(.)^;;.n4(.) ) |0>i23 , (4.49) 

where |0)i23 = |0)i ® |0)2 ® |0)3 is annihilated by a„(f.), n G Z. Apart from the zero-mode part, 
the determinant factor coming from the functional integral will be cancelled by the fcrmionic 
determinant. In (4.49) the non-vanishing elements of the so called bosonic Neumann matrices 
N^^^ for m, n > are [150] 



- - 2J^^^^^^^^ (^^^^^r-^A(^))_ , (4.50) 



mn 



Here 



where 



NZo = -^2,iasUrnir)e''atN:^ , s e {1,2} , (4.51) 
iVo- = (1 - A^^aK) (^5^ + ^^^^ , r, . G {1, 2} , (4.52) 

A^oo = -^/^, re {1,2}. (4.53) 

V "3 

3 

a = aia2a3 , ^ = Y1 ^^''^^W^^''^^ , (4-54) 

r=l 



U{r) = C ^(C(r) - ^J'0^r) , Cmn = 'fn^mn , = ^m{r)Smn ■ (4.55) 

The matrices A^'^^ are related to the X^'^^ in a simple way, see equation (A. 8). The terms in Nqq 
and TVqo ^^^^ proportional to /i give the pure supergravity contribution to the Neumann 
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matrices. The part of Nqq that is proportional to /i is induced by positive string modes of p^. 
I also defined 

Nr = _c-V2^(r)Tp-i^ ^ ^ ^ —B^T-^B . (4.56) 

An explicit expression for the vector B is given in (A.9). The quantities F, TV'' and K manifestly 
reduce to their flat space counterparts, defined in [147, 148], as // — > 0. The only non- vanishing 
matrix elements with negative indices are iVI^ They are related to N^^ via [150] 

7V:;,,_„ = - {U^r)N''U^s))^^ , m, n > . (4.57) 

As such the above expressions are already quite useful, though still formal in the sense that I 
did not present their explicit expressions as functions oi /i, ar- As the inverse of the infinite- 
dimensional matrix F appears in the expressions for the Neumann matrices this is a formidable 
problem. In flat space the results were known [140, 141] due to the identity^^ 

and the explicit expressions 

iV; = f-^) e-Wa. ^ K^-^, (4.59) 

where = ai is understood and 

The generahzation of equation (4.58) to the plane wave background is [176, 152] 

— Ck, 
7V-^ = -{l-ifiaK)-' X 



/m(7) = ,p/ ' Tq = J] In |q;^| . (4.60) 

m!F(m(7 — 1) + Ij 



m(r) 

^1 /2 ^ ^^^r.' 

X 



(4.61) 



and reduces to equation (4.58) as — > 0. This factorization theorem can also be used to 
verify directly [152] that \Ea) satisfies the kinematic constraints in equation (4.47), see also 
appendix A. 3. It will also prove essential throughout the next section. The remaining problem 
of deriving explicit expressions for K and as in equation (4.59) has been solved in [178], 
however as I will not need these results in the remainder of this section I shall not give them 
here and refer the reader to [178]. 

i^Notice that in comparison with [147] we have N{^^^^ = C^'^ Nl^^^^C^'^ . 
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Analogously to the bosonic case, the fermionic exponential part of the interaction vertex 
has to satisfy [147, 148] 



(4.62) 



These constraints arise from the commutation relations of H with Q'^ and Q'^, cf. equa- 
tion (4.36). As in the bosonic case its solution could be obtained by constructing the fermionic 
analogue of the wavefunction (4.46) and then performing the resulting integrals over the non- 
zero-modes. The pure zero-mode contribution has to be treated separately. Instead of using 
the functional integral the exponential can be obtained (up to the normalization) by making 
a suitable ansatz and imposing the constraints (4.62) [147, 148]. The solution is [152] (cf. 
appendix A. 3 for the details; the notation is defined below) 



exp 



EE"' 

r,s=l m,n=l 



3 oo 



r=l m=l 



where 



A = aiAo(2) — a2Ao(i) 
and \E^) is the pure zero-mode part of the fermionic vertex 



\Ei) = n 



a=l 



r=l 



a 

0(r) 



|0) 



123 



(4.63) 



(4.64) 



(4.65) 



and satisfies Yll=i ^o{r)\Eb) = and Yll=i'^ri^o{r)\E^) — 0. Notice that \0)r is not the plane 
wave vacuum defined to be annihilated by the 6o(r)- Rather, it satisfies i^o{r)\^)r = and 
-f^2(r)|0)r = 4yue(ar)|0)r. lu the limit /i ^ it coincides with the 5*0(8) invariant fiat space 
state that generates the massless multiplet by acting with Aq^-^-j on it. The fermionic Neumann 
matrices can be expressed in terms of the bosonic ones as [152] 



Q 



rs 
mn 



V\Oir\ 



(4.66) 
(4.67) 



Let mc comment on the choice of zero-mode vertex in equation (4.65). Instead of constructing 
the vertex on \0)r ('the 5*0(8) formulation'), it was proposed in [156] to use a different zero-mode 
vertex built on the plane wave vacuum \v)r which is 5'0(4) x 5*0(4) invariant and annihilated 
by all the 6o(r) ('the 5*0(4) x 5*0(4) formulation'). This also modifies the non-zero-mode 
part of \Ei,), a complete solution to the kinematic constraints was given in [157, 152]. The 
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motivation for this proposal originally was twofold. First, it was shown in [58] that the torus 
anomalous dimension of BMN operators with mixed scalar/vector impurities is the same as 
that for scalar/scalar impurities. This was in disagreement with the proposal of [47] that the 
coefficient of the three-point function of BMN operators is proportional to the matrix element 
of the cubic interaction in the plane wave, which due to the structure of the string field theory 
vertex would predict vanishing anomalous dimension for these class of operators at the torus 
level. One possible resolution of this discrepancy was to think about a modification of the 
string vertex. Another possibility is of course to abandon the proposal of [47] which was not 
derived from first principles. In fact, I will show in section 4.6 that using the identification 
in equation (4.1), the anomalous dimension of BMN operators transforming as (4,4) under 
5*0(4) X SO (4) is reproduced in string theory Tising the vertex with fermionic zero-mode part 
as in (4.65). A second (related) reason was based on the fact that the plane wave has a 
discrete Z2 symmetry that exchanges the two transverse M^'s. This discrete symmetry should 
be preserved by the interaction. It was shown in [156] that the Z2 parity of \v) is opposite to 
the one of |0). Then it followed that we have to assign positive parity to |0) in order to preserve 
the full transverse symmetry in the S0{8) formulation. This seems strange, as 1^;) has negative 
parity although it is the ground state of the theory. However, the spectrum of type JIB string 
theory on the plane wave was analyzed in detail in [38] , in particular the precise correspondence 
between the lowest lying string states and the fluctuation modes of supergravity on the plane 
wave was established. It turns out that the state |0) corresponds to the complex scalar arising 
from the dilaton-axion system, whereas the state \v) corresponds to a complex scalar being a 
mixture of the trace of the graviton and the R-R potential on one of the M'^'s, that is the chiral 
primary sector. As dilaton and axion are scalars under 5*0(8) and the discrete Z2 is just a 
particular 50(8) transformation, we see that the assignment of positive parity to |0) appears 
to be correct. Moreover, analysis of the interaction Hamiltonian for the chiral primary sector 
shows that invariance of the Hamiltonian under the Z2 requires the chiral primaries to have 
negative parity [163]. Finally, the implications of this assignment on matrix elements of the 
cubic vertex were successfully tested from the gauge theory side in [172]. 

In [161] the solution of the kinematical constraints in the 50(4) x 50(4) formulation was 
extended to include the required prefactors for the three-string interaction vertex and dynamical 
supercharges. In particular, contrary to previous expectations, evidence was presented that the 
two vertices constructed on 1^) and on |0), respectively, are in fact one and the same, see [161] 
for details. In what follows, I will keep on working with the 50(8) formulation, though for 
computations involving fermionic oscillators the 50(4) x 50(4) one is better suited. Finally, let 
me remark that if the plane wave ground state j^;) is odd under the Z2, then the supersymmetric 
extension proposed in [160] which is of the form d-rlV) so{4:)xSO{4) is not Z2 invariant. 
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4.4 The complete 0{gs) superstring vertex 

In the previous subsection I reviewed the exponential part of the vertex, which solves the 
kinematic constraints. The remaining dynamic constraints are much more restrictive and are 
solved by introducing prefactors [147, 148], polynomial in creation operators, in front of \V) 
(cf. (4.44)). Within the functional formahsm, the prefactors can be re- interpreted as insertions 
of local operators at the interaction point [146, 147]. In this section I present expressions for 
the dynamical generators in the number basis and prove that they satisfy the supcralgebra at 
order 0{gs) [150, 153]. The functional form of the leading order corrections to the dynamical 
generators [150, 152, 153] will be discussed in section 4.5. 

Define the linear combinations of the free supercharges [rj = e*'^/^) 

V2r]Q = Q- +iQ- , V2fjQ^Q- - iQ' (4.68) 

which, on the subspace of physical states satisfying the level-matching condition, satisfy 

{Qa,Qi,}^{Qa,Qi,}^2S,yH, 

~ I , (4.69) 

Since J*-' and J*'-'' are not corrected by the interaction, it follows that at order 0{g^ the 
dynamical generators have to satisfy 

3 3 

E^^WIQ36) + E^^(0l^3d) = 2(5,^|i/3) , (4.70) 

r=l r=l 
3 3 

E^»wl^36) + E^K0l^3d) = 25,^|i/3), (4.71) 

r=l r=l 
3 3 

E Q-ir)\Q^,) + E |Q3d) = . (4.72) 

In order to derive equations that determine the full expressions for the dynamical generators 
one has to compute (anti)commutators of the free supercharges (5d(r) ^-nd (5d(r) with the pref- 
actors appearing in \Qzh) and IQsd)- Moreover, the action of the supercharges on \y) has 
to be known. Here the factorization theorem (4.61) for the bosonic Neumann matrices and 
the relation between the bosonic and fermionic Neumann matrices given in equations (4.66) 
and (4.67) prove to be essential. 

4.4.1 The bosonic constituents of the prefactors 

An important constraint on the prefactors (that 1 will collectively denote by V) is that they 
must respect the local conservation laws ensured by and \E^. For the bosonic part this 
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means that it must commute with [147, 148] 

3 3 

=0 = [J]e(a>,(a),P]. (4.73) 



r=l r=l 

Consider first an expression of the form 

3 oo 



r=l m=0 

The Fourier transform of (4.73) leads to the equations [151] 

3 3 



r=l r=l 



Here the components m — and m > decouple from each other. It is convenient to write the 
solution for m = in a form which makes the fiat space limit manifest [152] 

= (1 - ^naKV^^ (f - ii^^R) . (4.76) 

Here 

P = aiPo(2) - "2^0(1) , asM = a;o(i) - Xo(2) , [M, P] = i , (4.77) 
that is (no sum on r) 

Foir) = -(1 - ^l^aKy/^^e'-'^ras , Fo(3) = . (4.78) 

The overall normalization of Kq is of course not determined by (4.75). The inclusion of the 
overall factor (1 — AfiaKy^'^ will be convenient in what follows. For m > we have 

3 3 

J2[A^r'C-^/'Cll^F,r,]^ = ^^aB^ = $:^a.[AWC-V^C(;;/^F(.)] . (4.79) 



r=l r=l 



These equations can be solved using the identities (A. 12) and (A. 19) given in appendix A. One 
finds [151, 152] 

Fm(r) = -^(1 -4/.aX)-V2[[/(;;C(V;CiV^]^. (4.80) 



a 
' a'a. 

In the limit // — > 

3 oo 



lim (i^o + [^^1 m^<r) (4-81) 



'a' -, . 

r=l m=l 
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coincides with the flat space result of [148]. Now take into account the negatively moded 
creation oscillators, i.e. consider 



3 oo 



^- = E E F-m(r)al^ir) " (4-82) 



r=l m=l 

This leads to the equations 

3 



E ^ [^'"C'/^c;/V„] _„ = = ^ [^MC'/^C,;;/ V„] _„ . (4.83) 



r=l r=l 



Comparing the second equation with the difference of the two equations in (4.79) it follows 

F-m{r) ~ Um{r)Fm{r) ■ (4.84) 

However, if one substitutes this into the first equation one actually sees that the sum is diver- 
gent [147, 148, 151]. This phenomenon already appears in flat space and it is known [147] that 
the function of a responsible for the divergence is 5{a — vrai) — 5{a -\- na-y). However, since 
ivrai are actually identified this divergence is merely an artifact of our parametrization. I will 
argue in section 4.4.3 that the appropriate relative normalization is [152] 

F-m{r) = 'iUm{r)Fm{r) ■ (4.85) 

4.4.2 The fermionic constituents of the prefactors 

The fermionic constituents of the prefactors have to satisfy the conditions 

3 3 

{ Ar(a), =0=15^ e{ar)dr{a),V] . (4.86) 

Consider 

2 3 oo 

Y = J2 Go(.) Ao(.) + E E ^-(O^Lw ■ (4-87) 

r=l r=l m=l 

For the zero-modes we can set the coefficient of, say, Ao(3) to zero due to the property of the 
fermionic supergravity vertex that Yll=i ^o{r)\E^) — . The Fourier transform of (4.86) leads 
to the equations 

E [^^'^CC-"/"Pir)Gir)L - ' (4-88) 

r=l V I'^rl 

3 3 

J2 e(«.) Vl^[CV2^«C-;/^P(;^iG(.)]^ = J2 o^rX^rnlGoir) • (4.89) 



r=l r=l 
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The components m — and m > decouple from each other. For m — the solution is 

y = (1 - 4//q;X)-^/^(1 - 2fxaK{l + U))\ —A + ■■■ (4.90) 

V a' 

As in the previous subsection the normalization is not determined and is chosen for further 
convenience. For m > we can rewrite the second equation as 



Y.e{ar)VW\[A^''%'/"PCr)G(r)]^ = -^B^. (4.91) 



r=l 



Then the solution can be expressed in terms of F(^r) as [152] 

Gir) = ^A^\P^,lU^r)C-'/'F(^r) • (4.92) 



As // — > we have 

3 oo 



lim Y 



y|AH-Ei:^«.- ("3) 

r=l m=l ^ 

Taking into account that -x/larT^lnCr) ^ — ^ Q-m{r) ™ notation of [148] this is exactly the 
fiat space expression. We will see below that as in flat space [147, 148], it turns out that the 
prefactors do not involve negatively moded fermionic creation oscillators. 

4.4.3 The dynamical generators at order 0{gs) 

Below I present the results [153] necessary to verify the dynamical constraints in equations (4.70) 
and (4.71), given the ansatz (4.98)-(4.100) for the cubic vertex and dynamical supercharges. 
Computational details are relegated to appendix B. We need 

3 3 

V2r)J2[Q^r), K'] \V) = V2r/^[g(,), K'] \V) - /X7'(l + Ii)Y\V) , (4.94) 

r=\ r=l 

where 

= + K[ + KL, = K^ + KI-KL (4.95) 

and 



EWM' = ^YK'K'\V) - ifi-il - 4i,aK)Y{l - U)\V) , 

r=l 

3 



(4.96) 



a' 
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Notice that the above identities are only vahd when both sides of the equation act on \V). The 
action of the supercharges on \V) is 



V2r,J2Qir)\V)^--K^YY\V), 

r=l 

^nY.Qir)\V)^--K'l'Y\V). 



a 

(4-97) 



a 

r=l 



The latter two equations actually lead to the insight that one has to consider the combinations 
and , as they are solely determined by the kinematical part of the vertex and the 
quadratic pieces of the dynamical supercharges. In this way it is then possible to fix the 
relative normalization as has been done in equation (4.85) [152]. The results summarized in 
equations (4.94)-(4.97) motivate the following ansatz for the explicit form of the dynamical 
supercharges and the three-string interaction vertex [153, 150] 

\H^) = (k'k' - ^^b'-') v,j[Y)\V) , (4.98) 

\Qj^) = K'si{Y)\V), (4.99) 
\Qsa)^K^si{Y)\V). (4.100) 

Substituting the above ansatz into (4.70) and (4.71) and using (4.94)-(4.97), one gets the 
following equations for v^"^, s| and 

which originate from terms proportional to KjKj and KiKj and are identical to the flat space 
equations of [148]. Two additional equations, arising from terms proportional to are 

(4.102) 



^/2 

As in fiat space [148] one defines 



12 



Here {ah) denotes symmetrization in d, h. 
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Recall first the solution of the flat space equations (4.101) [148]. One introduces the following 
functions of 

w'' = S'' + (^^) ^tii^Y-VY'^Y'' + (^^) l^6''ea,cctefghY'' ■■■Y\ (4.104) 

S{a = Hay" + (^) ' l^a^C^'' WF-^ ■ ■ -Y^ (4.106) 

4. = -^l^a^c.i^"^'^'^ + (^) ' |7„V"wp.r^ • • • (4.107) 



Here 

tabcd = l[ablcd\ ^ Uabca= -l[ahlc\a- (4.108) 

^abcd is traceless and symmetric in /, J, hence w^^ is a symmetric tensor of 5*0(8), whereas 
y^^ is antisymmetric. Apart from the coefficients, in fiat space the structure of the individual 
terms is completely fixed by the SO{%) symmetry. The solution of equations (4.101) is [148] 

^iJ^^iJ^yiJ^ +^4.), ~sl^l.^±^{f^s{, + nsi,). (4.109) 

Next consider the additional equations (4.102). Using the flat space solution, these can be 
rewritten as 

= 7.V [n^] "sl^ = 7.V [n^] % ■ (4-110) 

The proof that these equations are also satisfled by (4.109) is given in appendix B. 

The proof [153] of equation (4.72) is more involved and provides an important consistency 
check of the ansatz (4.98)-(4.100). It leads to the equations (cf. appendix B.3) 



'^'X^-^Jl^T^^-f = 0, (4.111) 



Here 



'^"-.^-;^^7S5"^? = 0, (4.112) 

y^hLv~i - li^vsi) - Aim,iXa = , (4.113) 
{Y^^Dfsi + 7i,A4) (1 - n)"^ = . (4.114) 



^ . - A . + -—^W^I^Y^Y^ — ( — ^ ^UKLAJKLyaybycyd 

^ab- Oab^ ^^a^i^b^"-^ 4-4! V 20;/ "-^"^ r r r r 



55 



and 



t: 




(4.116) 



The first three equations are identical to those in fiat space and have been proven in [148] . The 
additional equation (4.114) is proved in appendix B.2. 

The dynamical constraints do not fix the overall normalization of the dynamical generators 
which can depend on n and the a^s. In fiat space, the fact that the generator of the Lorentz 
algebra is also dynamical imposes further constraints on the other dynamical generators and 
apart from trivial rescaling uniquely fixes their normalization [149]. As the J^^ generator 
is not part of the plane wave superalgebra this procedure cannot be applied to our setup. 
A comparison with a supergravity calculation fixes the normalization for small to be ~ 
{a' fj,"^) / {af) [162], whereas a comparison with the dual field theory implies that for large fi it is 
~ a'/a'^ [66, 139, 153]. It was conjectured in [153] that the normahzation vahd for all ^ is 



which has the correct small- and large-// behavior [176]. On the other hand, the non-trivial 
normalization of Y (cf. equation (4.90)) and the fact that the terms K^K^ and jiS^^ in equa- 
tion (4.98) involve different powers of 1 — A:^aK is fixed by requiring the closure of the super- 
algebra at 0{gs). In order to obtain the supergravity expressions for the dynamical generators 
from equations (4.98)-(4.100), one should set K to zero, as it originates from massive string 
modes, cf. the remark below equation (4.55). 

4.5 Functional expressions 

The functional expressions for the cubic corrections to the dynamical generators can be pro- 
vided by defining the operator analogues for the constituents of the prefactor. These operators 
depend on p,(o"). x'.(o") and Xricr) and since Pric) and Ar(o') correspond to functional deriva- 
tives with respect to x,.(o') and '&r{o') the only physically sensible value of a to choose is the 
interaction point a = iTrai. As operators at this point are singular the prefactor must be 
carefully defined in the limit a | Trail [147]. Rewriting the operators in the number ba- 
sis one obtains expressions containing both creation and annihilation operators of the various 
oscillators. Eliminating the annihilation operators by (anti) commuting them through the ex- 
ponential factors of the vertex one recovers the number basis expressions for the constituents 
of the prefactors [147, 148, 152]. 

As in fiat space [147, 148] consider the following operators 



(4.117) 



P(cr) = —2n\/—a{7rai — o" 



(4.118) 



dX(a) = in^^-—(7iai - a) 



i/2(x;(a)+a;U-a)), 



(4.119) 
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(4.120) 



One also defines P\V) = lim P{a)\V) and analogously for dX. Acting on the exponential 

(T — >'irai 

part of the vertex and taking the limit a — > irai we have [152] 



lim K'{a)\V) = (p' + ^dX'^ \V) = K'\V) , 



lim K\a)\V) = [P^ - —dX^ ] \V) = K^V) , 



lim Y{a)\V) ^Y\V) . 

C — > TV CXI 



(4.121) 

(4.122) 
(4.123) 



Here I prove only the last equation, for more details see [152]. Substituting the mode expansion 
for Ai((j) into (4.120) one gets 



hm y(a)lV^) = -^/3j-^lhn.i/2^(-l)'^cos(n£M; 

^ n=l 



X 



a' V Oil ^- 

3 oo 



X 



9^ 

m(r) 



\v). 



(4.124) 



r=l m=l 

Now the singular behavior of the sum as £ — > can be traced to the way it diverges as n — > oo. 
Therefore to take the limit £ — > we can approximate the summand for large n and using the 
factorization theorem (4.61) one finds [152] 



lim Y{a)\V) = /(/x)(l - 4i^aK)-^/^Y\V) , 



where 



The identity 



/(//) = -2^^1im£i/2^(-l)"ncos(n£/Q;i)7V^ 



(4.125) 



(4.126) 



n=l 



j{lx) = {\-^iiaKfl^ (4.127) 

was conjectured to hold on general grounds (the closure of the superalgebra) in [153] and shown 
to be true in [178]. This concludes the proof of equation (4.120). 

So up to the overall normalization one can write the functional equivalent of equations (4.98), 
(4.99) and (4.100) as 

E^^ lim /d/X3(^^((7)X-^(a)-/x"(5^'^)^;,j(y(a))*(l)*(2)*(3), (4.128) 
Qsa = lim / dfisK\a)si{Y{a))^{l)^{2)^{3) , (4.129) 
g3d= lim f diisK'{aysi{Y{a))^{l)^{2)^{3), (4.130) 



(J— >7rai 
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where d/is is the functional expression leading to the kinematical part of the vertex, cf. equa- 
tion (4.41). 

Finally, I would like to point out the following subtlety. One can check for example that 

3 

^7?V[Q(,), hm K\a)]\V)^i,^'UY\V). (4.131) 

r=l 

However, this is not equal to the commutator of Qir) with K^. Using equation (4.97) and 

[ lim K\a),K^]\V) = -^{1 - 4iiaK)-^/^6'-^\V) , (4.132) 

(7— »7rQ;i CK 

leads to [153] 

3 

^2nJ2[Qir),K']\V) ^ l,^\l + U)Y\V) , (4.133) 

■r=l 

which is equivalent to equation (4.94) of section 4.4. It is this appearance of the matrix l + II as 
opposed to just n, that is responsible for the term proportional to fj,6^'^ in the cubic interaction 
vertex. 



4.6 Anomalous dimension from string theory 

In this section I discuss how the result for the anomalous dimension in equation (2.51) can be 
recovered in string theory. This has been done for the symmetric-traceless 9 and antisymmetric 
6 = 3+3 of either one of the S'0(4)'s in [154] and for the trace 1 in [155]. Here I review this work 
and also include the states in (4, 4)±^^ of 5'0(4) x 5*0(4) in the analysis. These correspond to 
BMN operators with mixed scalar /vector impurities and super conformal symmetry of the gauge 
theory implies that they have the same anomalous dimension as the other representations [52] . 
To compute the mass shift of the single string state due to interactions 

l^>^"n(3)«-i(3)l^)3, (4.134) 

non-degenerate perturbation theory was used in [154, 155]. In principle one should use degen- 
erate perturbation theory as the single string state can mix with multi-string states having the 
same energy. The same caveat holds for the computation in gauge theory and we will ignore 
this complication here, see however [179]. At lowest order the eigenvalue correction comes from 
two contributions; one-loop diagram and contact term 

1^ 

^^We define the states in (4,4)± as ^(a^|3)ai^3) ± c«-n(3)'*l(3)) k)3- The change of basis a„ = -i=(a|„| + 
ie(n)a_ |„|) for n ^ is convenient and an analogous transformation will be made for the fermions. 



J-'n J-'i 2 



(4.135) 
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Factors different from g2 in the normalization (cf. (4.117)) are absorbed in the definition of 
i?3 and Qs, the extra factor of 1/2 in the first term is due to the refiection symmetry of the 
one-loop diagram. The sum over 1, 2 is over physical double-string states, that is those obeying 
the level-matching condition and for the case at hand Q\ is the only relevant contribution 
to the quartic coupling. As the generators are hermitian we take the absolute value squared 
of the matrix elements. In fact, time- reversal in the plane wave background consists of the 
transformation 

x" ^ —x~ , fi— >■—(!, (4.136) 



X 



-X 



+ 



in particular the reversal of /i is needed due to the presence of the R-R flux. Previously 1 have 
always assumed that n is non-negative and < 0, ai, > 0. This is, say, the process where a 
single string splits into two strings. One can show that for the process in which two strings join 
to form a single string, i.e. ai, a2 < and > 0, one should make the additional replacements 



-n 



(4.137) 



in equations (4.98)-(4.100) and (4.117). This is in agreement with equation (4.136). Notice that 
the transformation of H is needed to leave the fermionic mass term invariant, cf. (4.10) . Prom the 
formal expressions for the Neumann matrices it is not manifest that the cubic corrections to the 
dynamical generators are hermitian as they have to be. However, from the explicit expressions 
for the Neumann matrices [178] one can see that all the quantities are in fact invariant under the 
time-reversal. The string states obey the delta-function normalization {n\n') = A/"] 5(03 — ^4), 
where Af = |(1 -|- 5*-') for the 9, A/" = | for the 1 and A/" = | otherwise. The sum over double- 
string states includes a double integral over light-cone momenta, one integral is trivial due to 
the string-length conservation of the cubic interaction and the factor of |q;3|(5(q;3 — 0:4) can be 
cancelled on both sides of equation (4.135). The remaining sum is then the usual completeness 
relation for harmonic oscillators projected on physical states and we have (/3 = ai/as) 



dp 



/?(/?+ 1) 



modes 



l\{nmi,2)\' 
2 



p(0) 
-C/n 



p(0) 



+ 



1,2) 



(4.138) 



The measure arises due to the fact that string states are delta-function normalized. 

It is important to note that in gauge theory the dilatation operator was diagonalized within 
the subspace of two-impurity BMN operators in perturbation theory in the 't Hooft coupling 
A and then extrapolated to A, J — 00. But it is not obvious that the large J limit of the 
perturbation series in A has to agree order by order with the perturbation series in A', see for 
example [175]. Indeed there is evidence from string theory that this is not the case: for large 
(1 the denominator of the first term in equation (4.138) is of order 0{ii^^) in the impurity 
conserving channel, whereas it is of order 0(/i) in the impurity non-conserving one. However, 
as already noticed in [151], matrix elements where the number of impurities changes by two are 
of order 0{1) and, therefore potentially can contribute to the mass-shift at leading order, that 
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is 0(//g'|A'). Notice that impurity non-conserving matrix elements being of order one, means 
actually 0{iJi,g2\f)^) and as the overall factor of ji is simply for dimensional reasons and should 
not be counted when translating to gauge theory (cf. equation (4.1)) implies contributions 
~ 5'2's/A' to matrix elements of the dilatation operator. It was observed in [154] that the 
contribution of the impurity non-conserving channel to (4.138) is linearly divergent. This is due 
to the fact that the large /i limit does not commute with the infinite sums over mode numbers; 
for finite /i the divergence is regularized. So a linear divergence refiects a contribution ~ 
HqIX' {— lia^) = [ig^'Jy^ and hence of order g\\ly! to the anomalous dimension. This constitutes 
a non-perturbative, 'stringy' effect. It remains a very interesting challenge to investigate the 
contribution of the impurity non-conserving channel in detail. However, to reproduce the 
result (2.51) for the anomalous dimensions of two-impurity BMN operators in string theory 
one is led to a truncation of equation (4.138) to the impurity conserving channel [154]. This 
analysis will be performed below. 

4.6.1 Contribution of one-loop diagrams 

The matrix element (nli^^al 1, 2) in the impurity conserving channel is non-zero only if the double- 
string state contains either two bosonic or two fermionic oscillators. The relevant projection 
operator is 

Z^ao(i)«o(2)P)(^Fo(2)ao(i) + 3 «fe(r)«-fe(r)P>(^F-MO"feW 

K,L keZ.r,K,L 
a,b fe£2 r,a,b 

For the first case the fermionic contribution to the matrix elements is simple to determine. 
Using a 7-matrix representation in which 11 = diag(l4, — 14), the plane wave vacua r{v\ are 
related to r(0| (up to an irrelevant phase) via 

.(^1 = .(0| (Y)'n^oV)' 3(^[ = -3(01 (f)'n^ow- (4.139) 

a=5 a=l 

Directions 1, . . . , 4 and 5, . . . , 8 correspond to positive and negative chirality under 150(4) x 
5*0(4), respectively. Eight of the zero-modes in equation (4.139), namely 'i?o(3)) a = 1, • • • , 4 and, 
say, '(?o(2), a = 5, . . . , 8 are saturated by \E^), so to give a non-zero contribution the remaining 
four zero-modes must be contracted with the O(y^) term in VMNiY)- Hence, the fermionic 
contribution is 

= - (f)'(l -4/^«^)-^«- (4.140) 

One can show that t^^^ — (5"*", —5"^''"') in the 7-matrix basis used here. The bosonic part 
of the matrix element is not difficult to evaluate and I will not go into details. Using the 
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large /i expansions for the bosonic Neumann matrices [176, 178] one finds, for example for 



^ ^ ^ (4.141) 

(n|i^3|<(,)«Lfc(,)|^;)i2 - M/3(/3+l)— ' 

and the analogous expression for (/, J) = (i', j') with an (inessential) overall minus sign. Here 

1 1 

can be split into a symmetric-traceless and a trace part. There is no contribution to the 6 nor 
to (4,4)-t. The sum over k and the integral over j3 can be done and the complete contribution 
of the impurity conserving channel with bosonic excitations at one-loop is 



47r2 167r2n2 ] J- V T'='T'=' - i 

I, 64 l^k,l ^ ^ ~ 4 



(4.143) 



The factors of |(1 + l^*'') and | equal the normalization J\f of the string states. Thus the 
contribution to the 9 and 1 is in both cases [154, 155] 



f^g^X' 15 

47r2 IGn^n^ 



(4.144) 



The second case with two fermionic oscillators in the double-string was not analyzed in [154, 
155]. For example, one has to evaluate the tensor for spinor indices belonging to different 
chiralities of 5'0(4) x SO{A). Then t^^ is non-zero only if M and N are not in the same 5'0(4). 
The resulting contribution is the same as in equation (4.144) for the representation (4, 4)+. 



4.6.2 Contribution of contact terms 

To have a non-zero contribution from Ql the intermediate states need to have an odd number of 
bosonic oscillators and an odd number of fermionic oscillators. Thus the simplest contribution 
comes from the impurity conserving channel. In this case the projector is 

E<VJ(2)l^)(^l/5o(2)4i) + (1 - 2) + ^ 5] • 

K,a k€7Z. r,K,a 

At leading order in /x one finds that for the bosonic part of the matrix element the zero-modes 
contribute only to the antisymmetric representations, whereas the non-zero-modes contribute 
to all representations. For the fermionic part of the matrix element a simple counting of zero- 
modes shows that only terms of order 0{Y^) and 0{Y^) in vmn{Y) can contribute. One also 
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needs to evaluate the tensor u^j^^ and the large /i expansion of the fermionic Neumann matrices, 
which due to the relation to the bosonic Neumann matrices [152] can be inferred from the latter. 
The final result is 

for the antisymmetric 6 and (4, 4)_ and 




47r2 Vl2 S2nH^ 

for the 1, 9 and (4,4) + . Summing the contributions of one-loop and contact diagrams wc 
see that all (bosonic) two-impurity irreducible representations of 5*0(4) x 5*0(4) get the same 
contribution to the mass-shift from the impurity-conserving channels 

This is in exact agreement with the gauge theory result of [51, 53], cf. (2.51). 



5 Summary 

The reahzation of BMN that the Penrose limit of AdS^ x 5"^ and the knowledge of the full string 
spectrum on the plane wave, allowed to study AdS/CFT - albeit in a special limit - beyond 
the supergravity approximation, has ignited a lot of activity. The purpose of this work was to 
give an overview over various developments that have taken place. 

In section 2 I gave an introduction to the BMN correspondence. Several aspects of this 
duality were discussed in some detail both from the string theory as well as the gauge theory 
point of view. 

Extensions of the BMN duality to less trivial backgrounds have been the topic of section 3. 
Having first considered several illustrative examples, we studied supersymmetric orbifolds 
of the plane wave space-time and showed that free string theory in the orbifolded plane wave 
is dual to a subsector of planar M = 2 \U{N)Y quiver gauge theory. In particular, we gave 
an explicit identification of gauge theory operators and string states both in the untwisted and 
twisted sectors. As interesting examples of further aspects of string theory on pp-wavc space- 
times, I discussed D-branes on the plane wave and string theory on pp- waves with non-constant 
R-R fiuxes and curved transverse spaces. 

To investigate the BMN correspondence beyond the free string/planar gauge theory level, 
string interactions and the non- planar gauge theory sector have to be taken into account. In 
section 4 string interactions in the plane wave background were studied in the framework of 
light-cone string field theory. At first order in the string coupling, interactions in this setup are 
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encoded in a cubic vertex. We analyzed in detail the construction of this vertex as well as the 
dynamical supercharges and presented their complete expressions both in the oscillator as well 
as the continuum basis. We proved that these satisfy the plane wave superalgebra to first order 
in the string coupling. In the process, several results that had been known in flat space light- 
cone string field theory, e.g. a factorization theorem for the bosonic Neumann matrices, were 
generalized to the plane wave space-time. We used the vertex and supercharges to compute 
the leading order mass shift of certain string states in a truncation to the impurity-conserving 
channel. The result exactly agreed with the leading non-planar correction to the anomalous 
dimension of the dual operators in jV = 4 SYM. 

There are a number of interesting problems we have encountered: for example, it would be 
nice to extend the computation of the mass shift for the simplest string states in section 4.6 
beyond the contribution of the impurity-conserving channel. As I have explained, in the large 
/X limit this presumably translates to non-perturbativc effects in the dual gauge theory. Indeed, 
a non- vanishing contribution of order g\\fy^ to the anomalous dimension would only constitute 
the leading term in a power series in fractional powers of A'; verifying the presence of such 
a contribution could eventually lead to better understanding the nature of the BMN limit in 
jV = 4 SYM. One should be aware, however, that even a computation of the leading order 
'stringy' effect along the lines of section 4.6 seems unfeasible, as infinitely many intermediate 
states have to be taken into account. So the way out seems to be to perform a fuU-fiedged 
one-loop /contact term computation. Again, this is difficult, as one has to compute the inverse 
of infinite-dimensional matrices (involving e.g. the product of two Neumann matrices) exactly, 
before taking the large /i limit. Nevertheless, some progress might be achieved along the lines 
of [178] using the techniques developed there. 

It is natural to extend the research on light-cone string field theory to include open strings, 
i.e. D-branes on the plane wave. In particular, as explained in section 3.3.1, D_-branes outside 
the origin preserve dynamical supercharges which involve certain world-sheet symmetries [107]. 
One way to understand the consistency of these branes in the presence of interactions is to 
construct the corresponding cubic open string interaction vertex: for D_ branes at the origin 
this has been done in [180, 181]. In fact, recent analysis of the world- volume supersymmetries 
of M2-branes in the KG space suggests that these additional dynamical supercharges are not 
respected by string interactions, see [182] for details. Of course, open/closed string interactions 
are interesting as well given the expected duality to the BMN limit of A/" = 4 SYM coupled to 
defect conformal field theories. Here studies have been initiated in [183]. 

As we have seen, the hght-cone GS action is well-suited to obtain the spectrum of string 
theories in simple backgrounds with R-R flux. Although the construction of the cubic inter- 
action vertex is technically quite involved, it is a viable possibility to study simple tree- and 
- at least in the approximation described in section 4.6 - one-loop interactions. However, as 
discussed in [131], even for studying higher point tree-amplitudes in fiat space this approach 
is not useful, as the vertex explicitly depends on the interaction point. Moreover, it is diffi- 
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cult to describe physical states with vanishing p+ in the light-cone formahsm. These caveats 
become even more problematic for backgrounds without the full Lorentz isometry, such as the 
plane wave. It appears to be a worthwhile prospect to use the U (4) formalism as advocated 

in [133, 134] to overcome some of these drawbacks. In this approach strings on the plane wave 
are described by an exact interacting N = 2 superconformal field theory and standard CFT 
techniques may be used for computations. One can also naturally describe strings in the more 
general pp-wave geometries of section 3.3.2 in this setup, which makes this approach potentially 
even more interesting. 

Acknowledgments 

I would like to thank N. Kim, S.-J. Rey, B. Stefahski and S. Theisen for the good collaboration 
on which part of this work is based. I am grateful to G. Arutyunov, N. Beisert and J. Plefka for 
useful discussions. In particular I would like to thank S. Theisen for encouragement and advice 
during my thesis and A. Klcmm for his help and support. This work was supported by GIF, the 
German-Israeli foundation for Scientific Research, and from the European Commimity's Human 
Potential Programme under contracts HPRN-CT-2000-00131 and HPMT-CT-2001-00296. 

A The kinematical part of the vertex 

A.l The Delta- functional 

The precise definition of the Delta-functional is 

r=l m>0 \-'-7r|a3| ^=1 / 

The pure zero-mode contribution decouples from the Delta-functional, so 

3 3 oo / ^7r|a3| 3 \ 

E^^^(^)] = ^'(E^^o(')) W^A d<je'^'^l\'^-\ Y,Pr{a) . (A.2) 

r=l r=l m=l \-'-7r|a3| ^=1 / 

We need the following integrals for m > 0, n > (/3 = ai/as) 

1 ['^°'^ , ma na , ,^2m/9 smmn3 ^^^.^ 

— / da cos cos — = (-ly^ — = , 

1 ma . na n 

— / dasm sm — = — ^^mn , 



(A.3) 
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and 



/-''"^ ma n , , 2m{j3 
j da cos cos — [a — Trai) — 



2m(/9 + l) sinmnP 



na2 

12 — 7ra;-{ 



n 



, . ma . n , , 

dasm sm — (cr — Trai) = — , . 

CKs a2 m{(3 + 1) 



m2(/3 + l)2-n2 



(A.4) 



Then the delta-functions over the non- zero-modes contribute 

3 r oo 



rn=l \^ r=l n=l ^ ^ 



(A.5) 



and I have defined Xmn = ^mn- We see that negative and non- negative modes decouple from 
each other. We can extend the range of m, n to Z by introducing 



X^l , m,n> 



Q3 " 
Or m —nij—n ' 



m,n < 



^i1=<!^X,(:i, m>0,re{l,2} 
1 , m = = n 
, otherwise 



(A.6) 



Then the Delta-functional takes the form 

3 



'n(r) 



(A.7) 



r=l 



m&Z \r=l n&Z 



Here I ignored factors of y/2 which can be absorbed in the measure. It is convenient to introduce 
the matrices for m, n > 



^-n = (-1) ^ ^2^2 _ ^2 - ^ C )mn^ 

^^2) 2\//;//;(; 7 + 1) sin ///TT/ i 



TT m^{f3 -\- ly — "n? 



/^-l/2^(2)^l/2X 



and the vector (m > 0) 



related to via 



2 0:3 _o/2 

= m ' smmnp 



(A.8) 



(A.9) 
(A.IO) 
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These satisfy the following very useful identities [147] 

_^ ^^(r)r^-i^(.) = -— C-^^M^Cyl(^) = S'n , A^'^'^CB = (A.ll) 

valid for r, s e {1, 2} and 

^ l^W^^MT ^ Q ^ J2 = . (A.12) 

r=l ^ r=l 

In terms of the big matrices Xmn, m,n & li the relations (A.ll) and (A.12) can be written in 
the compact form 

3 



r=l 



A. 2 Structure of the bosonic Neumann matrices 

Evaluating the Gaussian integrals in equation (4.48) one finds the following expressions for the 
bosonic Neumann matrices [150] 

3 

7v-„ = s^^6mn - 2(C(V)'x('-)^r-^x(^)c;/^)_ , r„ = J^xMq,)^^^ . (a.m) 

r=l 

From the structure of the X^^^ given in equation (A. 6) it follows that Ta is block diagonal and 
using the identities (A.12) one can write the blocks as [150] 

S -2/^«3, m = = n, (A.15) 

where 

r_ = f^^^-U^r)^-^^ ^- = -C-'A^'-^C. (A.16) 



r=l 



The matrix F (which reduces to the flat space F of [147, 148] for /jl ^ 0) exists and is invertible, 
whereas F_ is ill-defined since the above sum is divergent. Nevertheless it is possible to derive 
a well-defined identity for Fl^ [150] 

r:^ = c/(3)(i-r-^c/(3)). (a.i7) 

Since TZ^ is related to F~^ it is possible to relate the Neumann matrices with positive and 
negative indices. This results in equation (4.57). To derive the factorization theorem (4.61) [176, 
152] introduce 

3 

r = J2 ^^'^ U^r)^^'^ ^ = T + jiaBB^ , (A. 18) 

r=l 
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where I have used equation (A. 12). Its inverse is related to F ^ by 

1 ^ 1 (r-^Bf . (A.19) 

For r, s E {1,2} one can derive the following relations 

>lW^C-^C/(3)F-^ = >lW^C-^ + ^C-^C/(,)A('-)^F-i , (A.20) 

T-^U7^}C-^A^'^ - C-^^^'-) + — T-^^Mt/r|C-i , (A.21) 

2C-^ = F-^C/(3)C-^ + C-^C/(3)F-^ + T-^C/-JC-^ + C'^U^^^T-^ 

- aiasT-'S (F-^S)^ . (A.22) 

Using equations (A.19) and (A. 11) results in the factorization theorem (4.61). 

A. 3 The kinematical constraints at 0{gs) 
A. 3.1 The bosonic part 

The bosonic constraints the exponential part of the vertex has to satisfy are 

3 3 

Y.Y.^^rlPnir)\V) =0, J] J] ".^^ ,;^(.) | V ) =0. (A.23) 

r=l n& r=l neZ 

For m = this leads to 

3 3 

J]po(r)|V^) =0, Y.'^rX0{r)\V) =0. (A.24) 
r=l r=l 

Substituting (4.6) and commuting the annihilation operators through the exponential this re- 
quires 

3 oo 

E ^\Woo + n'^lis) + E ^o>i(.)] 1^) = , (A.25) 

r,s=l n=l 

3 oo 

E e(a,)^^[(A^- - <5-)aJ(,) + E Kn^l^s)] 1^) = . (A.26) 



r,s=l n=l 



Using the expressions given for A'^q^ and A'^qq in (4.51), (4.52) and (4.53) one can check that the 
above equations are satisfied trivially, i.e. without further use of additional non-trivial identities. 
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For m > we find the following constraints 

3 



B + Y^ A^'^C^'''Uir)N'- = , (A.27) 

3 

^(.) ^-1/2^^-1 ^ A^'-^C-]^%r)C^/^N''C-^/^ = , (A.28) 

r=l 



Equation (A.27) is satisfied by the definition for N^. Equations (A.28) and (A. 29) are proved by 
substituting the expression for iV''* given in (4.50). For m < there is one additional constraint 



3 . 

-asJ2 -A^'^C]i^U^r)C^'^N^^C-''^C-] = (A.30) 



which is verified by subtracting it from equation (A.27) and using (4.61). Here I used the 
identity 

3 

arA^'^C-^'^N' = 2aKB . (A.31) 

r=l 

A. 3. 2 The fermionic pcirt 

The fermionic constraints the exponential part of the vertex has to satisfy are 

3 3 

E E ^irl^nir)\V) = , J^ll 1^) = . (A.32) 

r=l n& r=l neZ 

For m — this leads to 

3 3 

J2 Mr)\V) = , Yl ^rMr)\V) = . (A.33) 

r=l r=l 

These equations are satisfied by construction of the zero- mode part of \V). For m > we get 

3 



B + Y e{ar)yA^\A^'-'^C-]^^Pir)Q' = , (A.34) 

r=l 

3 

V^A(^)C-J/'P(;; + Y <^r) VW\A^''^C-y'Pir)Q''' = , (A.35) 

r=l 
1 ^ 

.V^aWC(;J/^P(,) + -Y Kf'A^''^C-^]^'P[r)C''Q'''C = aBQ^^ , (A.36) 



etc 

* r=l 
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whereas for m < the constraints are 



3 1 



r=l 

3 



(A.37) 
(A.38) 



r=l 



Now equations (A. 34) and (A.37) uniquely determine 



ar 



(r)^{r) 



(A.39) 



Furthermore comparing equations (A. 35) and (A. 28) we see that 



a. 



(A.40) 



solves (A. 35). Using 

P(;)2C/(,)7V-C/(,)P-2 ^ TV- + ^,a{l - 4i,aK)-'Cll^'N^ [Cl!)Nf{l - U) (A.41) 
estabhshes (A. 36) by virtue of (A. 29). Finally, equation (A.38) is satisfied due to the identity 



r=l 



(A.42) 



which can be proved using the expression for N^^ given in (4.50). This concludes the determi- 
nation of the fermionic contribution to the kinematical part of the vertex. 

B The dynamical constraints 
B.l More detailed computations 

Here 1 give the details leading to equations (4.94), (4.96) and (4.97). The following identities 
prove very useful {a^Q = 't?o(i) ~ '^^0(2)) 



— IV a' 



n{r) 



r,n>0 



\v), 



(B.l) 
(B.2) 
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r=l 



Using the mode expansions of Q^^-,, Kq + K+, and Y one finds 

3 3 ^ oo 

r=l r=l V 1*^^! n=l 

3 

^> = (1 - 4/^«^)"'/'(i - 2/^«^(i - n)) (P7 - ^^^7n) 

3 ^ oo 



r=l V I'^'-l n=l 



E[Qm, ^0 + = /^7(1 + n)(l - AiiaKf/'^K 

r=l 



r=l V l*^?-! n=l 

3 / \ oo 



r=l r=l V I'^^'l n=l 

E[<5w' ^0 + = -7^7(1 - n)(l - 4/.aX)V^e 



n(r) 



/ \ oo 



3 / \ oo 

-IT 



(B.3) 



(B.4) 



(B.5) 
(B.6) 



(B.7) 

(B.8) 



Using (4.92), (B.l) and (B.2) leads to equations (4.94) and (4.96). The action of the super- 
charges on \ V) given in equation (4.97) can be proven similarly. One needs 



/ m 


a,. 


\ n 


as 


/ m 


a,. 


\ n 


as 



3/2 



Pn{r)Pm{s)Qnm = (1 " 4;Uair)-^X 

as 

X [C]l"NXPls]Cl^CN^]^, (B.9) 

Pn(r)Pm{s)Q nm ~ ^ ' 



1/2 
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/ m 




\ n 




/ m 


a,. 


\n 





3/2 



(B.IO) 



which follow from (4.61) and (4.66). 

B.2 Proof of the dynamical constraints 

In this appendix I prove that 





= 0, 




= 0, 




= 0. 



Equations (B.ll) and (B.12) are equivalent to 



d 



(B.ll) 

(B.12) 

(B.13) 



(B.14) 
(B.15) 



The first equation has terms of order OlY"^) and 0{Y^), whereas the second one has terms 
of order C(F°), C(F^) and 0{Y^). There are two contributions to the order C(F^) in equa- 
tion (B.14) , both vanish separately. The first one is 



whereas the second one is 
d 



(B.16) 



Here I have used equations (B.29) and (B.32). Prom the Fourier identities [148] 



(B.17) 



- J d^Y sUY)ei'^y , 



(B.18) 
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it follows that the terms of order 0{Y^) vanish as well. This proves equation (B.14). The 
0(y°) term in equation (B.15) is 

7aV4)n"' = ^.Mn) = o, (B.19) 

and the order 0{Y^) term vanishes by (B.18). The terms of order in equation (B.15) 

are 

- -l^n% {^ii^^ - 26,,6^^6^^) 7ii7i^f {Y'Y^Y'Y^ 
+^e'"^\hijY<^Y''Y'Y^^ 

= -^Wb-ill^H[ig^ l^ybycydye ^ Le<^<^\^..Y9Y^Y'Y^^ = . (B.20) 
In the last step I used that 11 is symmetric and traceless and 

+IJKL _ 1 efgh+IJKL (Tt 0^\ 

^abcd — --^^abcd l^efgh ■ V^-^-'-J 

This proves equation (B.15). Finally, equation (B.13) is equivalent to 

{<^Mb, - ^^^^Ai,)) (1 - n)"^ = , (B.22) 
+ (1 - - . (B.23) 

The first equation is symmetric in d, b and contains terms of order 0{Y^) and 0{Y^). These 
vanish for the same reason as those in equation (B.14). The second equation is antisymmetric 
in d, b and contains terms of order 0{Y°), e)(y^) and 0{Y^). The 0{Y°) contribution to 
equation (B.23) is 

7i.7,Vl - n)'^'' = l^dlLi^ - = . (B.24) 

Prom equation (B.18) it follows that the term of order 0{Y^) vanishes as well. Finally, there 
are two contributions to the terms of order 0{Y^), both of them vanish separately. The first 
one is 

^liioYbsi^fi - ur = -^7„VLe.](i - n)%r^y^y'^y^ = 

^ + \ ( 7ii7^ef ) (1 - nr.Y^Y^Y^Y^ = 

^liUf^l^i^ - li)\Y'Y^Y^Y^ = ^iijl^il - Yi)^Y'Y^Y^Y^ = . (B.25) 
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In the last step I have used equation (B.30). The second contribution of order O(y^) then 
vanishes by equation (B.18). This concludes the proof of equation (B.23). 
Apart from symmetry and tracelessness of H I have used the following identities 



ill = -lit , (B.26) 

iLlk = ^abS,i, + , (B.27) 

- S'^'li^ - S'Wa^ + {5'^ 5^' - S'^^S^n 5a, , (B.28) 

lih'J = &{Sac5M - SadSbc) , (B.31) 

7ir(7"W^),, = 0. (B.32) 



B.3 {Q,Q} at order Oig^) 



Here I demonstrate that equation (4.72) leads to the constraints (4.111)-(4.114) given in sec- 
tion 4.4. To this end, I adopt a trick introduced in [148] . Namely, associate the world-sheet 
coordinate dependence with the oscillators as 



cos ■ 



sm 



sm 



cos 



n(r) 



(B.33) 



and analogously for the fermionic oscillators. Then integrate the constraint equation (4.72) over 
the (7^. In dealing with the resulting expressions one can integrate by parts since the integrand 
is periodic. In addition to the identities in equations (4.96),^^and (4.97) we have to calculate 
the commutator of (5(r) with and its tilded counterpart. One gets 



V2riJ2[Q^r),K']\V)^-2iY 

r=l 
3 



r=l 



y + y' + -//(i-n) {y-2Yo) 



y-y' + -//(i-n) {y-2Yo) 



\v), 
\v). 



(B.34) 



Here Yq is the zero-mode part of y, I suppressed the r, cr^ dependence and 

3 



Y = drY, Y' = J29arY. 



(B.35) 



*In fact, here we need the analogue of equation (4.96) with <-> K^. 
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The fact that the above equations have a term which only depends on the zero-mode Yq is 
important. Combining the various contributions to equation (4.72), removing the 0"^ derivatives 
from Y by partial integration and using the further identity [148] 



and 



r=l 

we find that equation (4.72) is equivalent to 



x/2 



a 



\/2q; 



(B.36) 



(B.37) 



(B.38) 



This results in equations (4.111)-(4.114). 
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